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class Matrix

add(m: Matrix): Matrix = ...

end

class SparseMatrix extends Matrix
end
m: Matrix = Matrix()

. sm: SparseMatrix = SparseMatrix()
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Method '
dispatch

class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...

end

class SparseMatrix extends Matrix

end

m: Matrix = Matrix()

sm: SparseMatrix = SparseMatrix()

—m.add(sm)
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class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ... ‘
end ' Method overloading
class SparseMatrix extends Matrix |
add(m: Matrix): Matrix = ...
end
Method '
dispatchi . Matrix = Matrix()
sm: SparseMatrix = SparseMatrix()

——sm.add(m)
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class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ... ‘
end ' Method overloading
class SparseMatrix extends Matrix |
add(m: Matrix): Matrix = ...
end
Method '
dispatchi . Matrix = Matrix()
sm: Matrix = SparseMatrix()

——sm.add(m)
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class Matrix

add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...
end ' Method overloading
class SparseMatrix extends Matrix |
add(m: Matrix): Matrix = ...

d

Method '

dispatch m: Matrix = Matrix()

. sm: Matrix = SparseMatrix()
——sm.add(m)
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Method |
dispatch

class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...

end
class SparseMatrix extends Matrix
add(m: Matrix): Matrix = ...

end

m: Matrix = Matrix()

sm: Matrix = SparseMatrix()

'~-m.add(sm)
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class Matrix

add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...
end ' Method overloading
ass SparseMatrix extends Matrix i

(lethod | add(m: Matrix): Matrix = ...

dlspatch end

m: Matrix = Matrix()
. sm: Matrix = SparseMatrix()
——m.add(sm)
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The binary method problem
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Odersky et al., Programming in Scala (3rd Ed.), Artima

Chapter 30

Object Equality

Comparing two values for equality 1s ubiquitous in programming. It 1s also

more tricky than it looks at first glance. This chapter looks at object equahty

in detail and gives some recommendations to consider when you design your
own equality tests.
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Odersky et al., Programming in Scala (3rd Ed.), Artima

class Point(val x: Int, val y: Int) {
override def equals(other: Any) = other match {

}

class ColoredPoint(x: Int, y: Int, val color: Color.Value) extends Point(x, y) {
override def equals(other: Any) = other match {



Odersky et al., Programming in Scala (3rd Ed.), Artima

class Point(val x: Int, val y: Int) {
override def equals(other: Any) = other match {
case that: Point =>
(that canEqual this) && (this.x == that.x) && (this.y == that.y)
case _ =>

false

}
def cankEqual(other: Any) = other.isInstanceOf[Point]

}
class ColoredPoint(x: Int, y: Int, val color: Color.Value) extends Point(x, y) {
override def equals(other: Any) = other match {
case that: ColoredPoint =>
(that canEqual this) && super.equals(that) && this.color == that.color
case _ =>

false

}

override def cankEqual(other: Any) = other.isInstanceOf[ColoredPoint]

}
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Method '
dispatch

class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...

end
class SparseMatrix extends Matrix
add(m: Matrix): Matrix = ...

end

m: Matrix = Matrix()

sm: Matrix = SparseMatrix()

—m.add(sm)
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class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...

end
ass SparseMatrix extends Matrix

add(m: Matrix): Matrix = ...

Method '

dispatch end

m: Matrix = Matrix()
. sm: Matrix = SparseMatrix()
—m.add(sm)
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class Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...

Symmetric
ass SparseMatrix extends Matrix

add(m: Matrix): Matrix = ...

Multiple

Method '

dispatch end

m: Matrix = Matrix()
. sm: Matrix = SparseMatrix()
—m.add(sm)
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Symmetric

Multiple

Method '
dispatch

julia
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Symmetric

Multiple

Method
dispatch

Dynamic languages
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class Matrix
add(m: Matrix): Matrix = ...
add(m: SparseMatrix): Matrix = ...

end

class SparseMatrix extends Matrix
add(m: Matrix): Matrix = ...

end

Compile!

ime 1 m: Matrix = SparseMatrix()

| sm: SparseMatrix = SparseMatrix()
——sm.add(m)
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class Matrix
add(m: Matrix): Matrix = ...
add(m: SparseMatrix): Matrix = ...

end

class SparseMatrix extends Matrix
add(m: Matrix): Matrix = ...

end

m: Matrix = SparseMatrix()
| sm: SparseMatrix = SparseMatrix()
——sm.add(m)
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(Matrix, SparseMatrix)

P

(SparseMatrix, Matrix)

——sm.add(m)



(Matrix, SparseMatrix)

(SparseMatrix, Matrix)

Run time

si.addm)  AMbiguous method calls
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Compile!
time |

class Matrix

add(m: Matrix): SparseMatrix

add(m: SparseMatrix): Matrix
end

class SparseMatrix extends Matrix

numOfNonzeroEntries(): Int = ...

end

m: Matrix = Matrix()

sm: Matrix = SparseMatrix()

——m.add(sm) .numOfNonzeroEntries()
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class Matrix

add(m: Matrix): SparseMatrix

add(m: SparseMatrix): Matrix
end
class SparseMatrix extends Matrix
numOfNonzeroEntries(): Int = ...

end

m: Matrix = Matrix()

sm: Matrix = SparseMatrix()

—m.add(sm).numOfNonzeroEntries()
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Matrix

.humOfNonzeroEntries()
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Matrix

Run time

Broken type preservation

.numOfNonzeroEntries()
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add(m: Matrix, m: Matrix): Matrix = ...

add(m: Matrix, m: SparseMatrix): Matrix = ...

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ...

Overloading rules <

Compile time
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add(m: Matrix, m:

add(m: Matrix, m:

Matrix): Matrix = ...

SparseMatrix): Matrix

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix

Compile time

Overloading rules

28 / 91

/
\

v
X

adds

add;

adds

add3

add4

Run time

PLRG

&

NI



add(m: Matrix, m:

add(m: Matrix, m:

Matrix): Matrix = ...

SparseMatrix): Matrix

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix

Compile time

Overloading rules
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add(m: Matrix, m:

add(m: Matrix, m:

add(m:

Compile time

Matrix): Matrix = ...

SparseMatrix): Matrix

Overloading rules

SparseMatrix, m: SparseMatrix): SparseMatrix
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adds
.(.retum type)
. . adds
add, °
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(parameter type)

Unambiguity
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Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA "11

applicableSet(d) = {T : d Is applicable to T}

d; : add(m: Matrix, m: Matrix): Matrix = ...

2
~ l'ypes ~
(Object, Object) (String, Matrix)

—applicableSet(d,) ~

(Matrix, Matrix)

(Matrix, SparseMatrix)

_ - -




Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA "11

d, T d, iff applicableSet(d,) C applicableSet(d,)

IS more specific than

d; : add(m: Matrix, m: Matrix): Matrix = ...
d, : add(m: Matrix, m: SparseMatrix): Matrix = ...
- applicableSet(d,) ~

(Matrix, Matrix)

—applicableSet(d,) ~

(Matrix, SparseMatrix)




Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA "11

add(m: Matrix, m: Matrix): Matrix = ...

add(m: Matrix, m: SparseMatrix): Matrix = ...

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ...

Type Preservation

adds
(return type)
! dd
adads
! / > addi =
Overloading rules % : nooSs
| 4
1. No duplicates rule : add
2. Meet rule \ :
3. Return type rule x : Unambiguity
Compile time | Run time
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No duplicates rule
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class Matrix
= dy=d, add(m: Matrix): Matrix
add(m: Matrix): Matrix

end

No duplicates rule
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class Matrix
= d, = d, add(m: Matrix): Matrix = ...

end

v

No duplicates rule
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Meet rule
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class Matrix
add(m: SparseMatrix): Matrix = ...
end
class SparseMatrix extends Matrix
add(m: Matrix): Matrix = ...

Meet rule
end
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class Matrix
add(m: SparseMatrix): Matrix = ...
end
class SparseMatrix extends Matrix
add(m: Matrix): Matrix = ...

add(m: SparseMatrix): Matrix = ...

v

Meet rule
end




Return types
d, T,
=V
T2

Return type rule
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Return types ~ Cclass Matrix

d
: 1 add(m: Matrix): SparseMatrix =
=V add(m: SparseMatrix): Matrix =
1 end

class SparseMatrix extends Matrix

Return type rule end x

41 / 91 PLRG@



Return types ~ Cclass Matrix

d
1 1 add(m: Matrix): Matrix = ...
=V add(m: SparseMatrix): Matrix = ...
1, end

class SparseMatrix extends Matrix

Return type rule end

v
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add(m: Matrix, m: Matrix): Matrix = ...

add(m: Matrix, m: SparseMatrix): Matrix = ...

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ...

Type Preservation

adds
(return type)
! dd
adds
! J > add; =
. i rno 8
/ : e
| add
J Retu]r:i types \ :
e : x : Unambiguity
Compile time | Run time
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class Array|[T] end

makeArray[T](t: T): Array[T] = ...

i: Int = 1

makeArray (i)

Parametric polymorphism
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Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11

d,: makeArray[T](t: T): Array[T] = ...

instances(d;) :  makeArray(t: Object): Array[Object]

makeArray(t: String): Array[String]

makeArray(t: Number): Array[Number]
makeArray(t: Int): Array[Int] = ...



Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA "11

applicableSet(d) = {T : AD € instances(d).D iIs applicable to T}

d,: makeArray[T](t: T): Array[T] = ...
~ T'ypes = applicableSet(d,) ~
Object String
Number Int
\_ J
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Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA "11

d, C d, iff applicableSet(d,) C applicableSet(d,)

IS more specific than

dy: makeArray[T](t: T): Array[T] = ...
d, : makeArray(i: Number): Array[Number] = ...

- applicableSet(d,) ~
Object String
—applicableSet(d,) ~
Number Int
_ - 7




No duplicates rule Meet rule
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Return types

d
: 1 class Array[T] end
=V
15 makeArray[T](t: T): Array[T] = ...

makeArray(i: Number): Array[Number] = ...

Return type rule
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class Array[T] end

—» makeArray[T](t: T): Array[T] = ...

. makeArray(i: Number): Array[Number] = ...
Compile
time |

1: Object =1

_— a: Array[Object] = makeArray(i)
a[o] = "1"
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class Array[T] end

makeArray[T](t: T): Array[T] = ...

—p» makeArray(i: Number): Array[Number] = ...

Run time!

1: Object =1

L a: Array[Object] = makeArray(i)
a[o] = "1"
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App.toT  Ret. types

W‘ 1 class Array[T] end

@t" 1, makeArray[T](t: T): Array[T] = ...
makeArray(i: Number): Array[Number] = ]:.r

Return type rule
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App.toT  Ret. types

W‘ 1 class Array[T] end

@t" 1, makeArray[T](t: T): Array[T] = ...
makeArray(i: Number): Array[Number] = ]:.r

Return type rule

‘nt
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makeArray(i: Object): Array[Object] = ...

App.to T Ret . types

@y
Tz makeArray[T](t: T): Array[T] = ...

makeArray(i: Number): Array[Number] = x

class Array[T] end

Return type rule

‘nt



makeArray(i: Object): Array[Object] = ...

-—=Array|[Object]

class Array[T] end

makeArray[T](t: T): Array[T] = ...
makeArray(i: Number): Array[Number] = x

Return type rule

fnt
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makeArray(i: Object): Array[Object] = ...

.x”tlass Array[T] end

makeArray[T](t: T): Array[T] = ...
makeArray(i: Number): Array[Number] = x

Return type rule

int
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makeArray(i: Object): Array[Object] = ...

.x”tlass Array[T] end

makeArray[T](t: T): Array[T] = ...
makeArray(i: Number): Array[Number] = x

Return type rule ™

makeArray(i: Number): Array[Number] = ...

int
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App.toT  Ret. types

W‘ 1 class Array[T] end

@t" Tz makeArray[T](t: T): Array[T] = ...
makeArray[T](i: Number): Array[T] = J

Return type rule
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makeArray(i: Object): Array[Object] =

App.to T Ret . types /

~"class Array[T] end

\ T makeArray[T](t: T): Array[T] =
.\ makeArray[T](i: Number): Array[T] = ..i""

Return type rule ™.
~. —makeArray(i: Number): Array[Object] =

makeArray[T](i: Number): Array[T] =

int
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A dynamic dispatch algorithm
needs statically determined return types

Object

PLRG @



makeArray[T](t: T): Array[T] =

makeArray(t: Number): Array[Number] =

makeArray[T](i: Number): Array[T] =

A 4

o
Oy
QOE= Tz

Compile time
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Type Preservation

v
adds: T

(return type)

\

C add3

add, ~
I <

add
add, )

Unambiguity

Run time

PLRG

&

NI



FGFV Calculus

Program I[I == J, e

Class declaration Yy == trait T[V B] < {f} 7 end | object O] B](*7) <: {f} I end
Method definition p == mlx|GrT)T =€

Class type parameter binding f == P<AT}

Method type parameter binding k == {7} <P < {7}

Variance mark V = + | - | =

Expression e == z | (c7)t=e¢€) | e@) | O|T|(e) | e.m(e)
Bindable variable z == x | self

Type T = P |lc| (T)]| (r—>1) | Any

Constructed type ¢c == t | O|T]

Trait type t u= T|T]
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FGFV Calculus

Program = e Multiple inheritance
Class declaration = trait T[[V_,B]] <; { | |
Method definition = m[x]|(cT):T=e

Class type parameter binding : P < {7}

Method type parameter binding w= {7} < P < {7}

Variance mark =+ - | =

~ 0 AN 6 I3 ™ S O
1

Expression = z | (c7):t=e¢€) | e@(e) | O|T]|(e) | e.m(e)
Bindable variable = x | self

Type = P |lc| (@) | (—=1)|Any

Constructed type = t | O7T]

Trait type = T|7]
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FGFV Calculus

Program

Class declaration

Method definition

Class type parameter binding
Method type parameter binding

Variance mark

z | (xT):t=e) | e@e) | O|T|(e) | e.m(e)
= X self
P
A

Expression
Bindable variable

Type
Constructed type

c | () | (t =17) | Any
ol7]

-~ 0 A N 6 I3 S O
1

Trait type
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FGFV Calculus

Program = J, e

Class declaration := trait T[V|f] <: {f} 7 end | object O] B](*7) <: {f} I end
Method definition = m|k|(xT):T =€

Class type parameter binding = P < {7}

Method type parameter binding = {7} <P < AT} Variance

Variance mark i+

—e) | e@®) | O[F](?) | e.m(e)

-~ 0 A N 6 I3 S O
1

Expression = Z

Bindable variable = x | self

Type = P lc| (@) ]| (t—=1)[Any
Constructed type = t | O7T]

Trait type = T|7]
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FGFV Calculus

Program I[I == J,e B

arn Annlavatiaa e #ead+ TIZIRT - I3 7 and | object O[[’B]](ﬁ) < {f} 71 end
class A[+T] end A[T] <:A[S]iff T<: S

class A[=T] end AT < A[S]iff T=S Variance

class A[-T] end AT < AlS] iff T:> S e@e) | O[7](?) | e.m(e)

Type t ux= P |c[(T)] (rt—1)|Any
Constructed type C = 1 O[7]
Trait type t == T[T]
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d,: add(m: Matrix, m: Matrix): Matrix = ...
d,: makeArray[T](t: T): Array[T] = ...

dom(d,) = d[|(Matrix, Matrix)
dom(d,) = [T <: Object|(T)

arrow(d,) = V[|(Matrix, Matrix) — Matrix
arrow(d,) = V[T <: Object|(T) = Array|T]



—(A + dom(d) C dom(d"))

S d = d, A + d not duplicate of d’

—(A + dom(d’) C dom(d))

No duplicates rule A F d not duplicate of d’
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dy; € {d} name(d;) = name(d,) = name(ds)
A + dom(ds) = (dom(d;) M dom(d,))

A + d; meet d, wrt {d} ok

Meet rule
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App.toT Ret. types

arrow(d) = V| x[[(a — p) k={y} < P< {7} arrow(d’) = V[’ J(a’ — p’)
k' ={y'} <0< {n) distinct(P, Q) A + dom(d) C dom(d")
A FV[&c](a = p)C V][R ' J(ana’) = p’)

T A + d return type wrt d’ ok

Return type rule
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dl
<y LD
d, d, d,
<y IO
ds de dy

o
Tfp
@I‘ Tz

m(e)

Compile time Run time
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AP Tl
@I‘ Tz

m(e)

Compile time Run time
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o
).’ lepes
@I‘ Tz

m(e)

Compile time Run time
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dl
<y LD
d, d, d,
<y IO
ds de dy

lepes
@I‘ Tz

m(e) - m(a): Tr

Compile time Run time
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P Dispatch
1
<y U I,
Match
d, dy d, Y .
<y IO olve
ds d6 d7 v Match

o
le
@I‘ Tz

m(e)

Compile time Run time
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P Dispatch
1
< US> Al
d. d . v Match
de |3\>\ 4 m[P](Sa): Sr Solve
d5 d6 d7 v Match

Q -l
== Tz

m(e)

Run time

Compile time
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P Dispatch
1
<y LD ",
d. d Y Match
</d2 |3\>\ ) m[P](5a) Solve
ds d6 d7 v Match

Q -l
== Tz

m(e)

m(v):

Run time

Compile time
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P Dispatch
1
<y LD A,
d, d, d , v Match
” 2 |3\>\ 4 m[P](Sa): Sr i Solve
ds de. d; v Match

Q -l
== Tz

m(e)

Run time

Compile time
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P Dispatch
1 B E—
AT /
d, d, d , vV Match
” 2 |3\>\ 4 m[P](Sa): Sr Solve
d5 d6 d7 v Match

Q -l
== Tz

m(e)

Run time

Compile time
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d, Dispatch
<y LIS A,
d, d, d , v Match
3 2 |3\>\ 4 m[P](Sa): Sr Solve
d5 d6 d7 v Match
P=T

d T N
‘i =,
T

m(e)

n(vyT Tr - [T/P1 4

Compile time Run time

N



P Dispatch
1
< US> Al
d. d . v Match
de |3\>\ 4 m[P](Sa): Sr Solve
d5 d6 d7 v Match

Q -l
== Tz

m(e)

Run time

Compile time
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makeArray[T](t: T): Array[T] =
makeArray[T](i: Number): Array[T] =

> d, =d,
App T Ret. types »/ » makeArray[T](i: Number): Array[T] makeArray[T](t: T): Array[T]
’ T
v
- T,
makeArray (1)
Compile time Run time
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makeArray[T](t: T): Array[T] =
makeArray[T](i: Number): Array[T] =

> d, =d,
App 0T Ret.types makeArray[T](i: Number): Array[T] makeArray[T](t: T): Array[T]
T1
- T2
makeArray (1) - makeArray(i): Array[Object]

Compile time Run time
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makeArray[T](t: T): Array[T] =
makeArray[T](i: Number): Array[T] =

App.toT Ret.types
ilbﬂ
T2

makeArray[T](i: Number): Array[T] makeArray[T](t: T): Array[T]

v

makeArray (1) - makeArray(1l): Array[Object]

Int

Compile time Run time
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Dispatch
makeArray[T](t: T): Array[T] = V MatCh
makeArray[T](i: Number): Array[T] = [T](Number): Array[T] SOIVG
t v Match
$d1d2
makeArray[T](i: Number): Array[T] makeArray[T](t: T): Array[T]

o= v
== Tz

makeArray (1) makeArray(1l): Array[Object]

Int

Compile time Run time
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Dispatch

makeArray[T](t: T): Array[T] = / v Match > {3
makeArray[T](i: Number): Array[T] = [V {iumeer e Lrre|r] 4 SOIVG
v Match
makeArray[T](i: Number):|Array[T] makeArray[T](t: T): Array[T]

o] v
== Tz

makeArray (1)

makeArray(i): Array[Object]

Int

Compile time Run time
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Dispatch

makeArray[T](t: T): Array[T] =

v Match {3
R Solve
V Match » {T=Object}

makeArray[T](i: Number): Array[T] = [T](Number): Array[T]

o ) dl:dz
App.toT Ret.types
ilbﬂ
T2

makeArray[T](i: Number):|/Array[T] makeArray[T](t: T): Array[T]

v

makeArray (1) makeArray(1l): Array[Object]

Int

Compile time Run time

87 / 91 PLRG @



Dispatch

,//////////’////////’,’7 “\\\\\‘{}
v Match 8

[T](Number): Array[T]
Solve

V Match {T=0Object}

makeArray[T](t: T): Array[T] =
makeArray[T](i: Number): Array[T] =

: dl:dz
Q* v
Cﬁlﬂ'7§

makeArray[T](i: Number):|/Array[T] makeArray[T](t: T): Array[T]

makeArray (1) makeArray(1l): Array[Object]

Int

Compile time Run time
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Dispatch

{}
v Match {3

Solve
V Match {T=0Object}

makeArray[T](t: T): Array[T] =

makeArray[T](i: Number): Array[T] = [T](Number): Array[T]

T=0Object

: dl:dz
Q* v
CEI?'fB

makeArray[T](i: Number):|/Array[T] makeArray[T](t: T): Array[T]

makeArray (1) makeArray(1l): Array[Object]

Int

Compile time Run time
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Theorem
A well-formed program never results in an ambiguous method call.

Theorem
A well-formed program never results in a type error.
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d
< US>
d, d; d,
& O
ds  d, d,

|

) dl =d2
App.toT Ret.types
d, T1
o
2
w T2
T

m(e)

Dispatch

/ Match

N v

v Match

—>

Solve

Compile time
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