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class Matrix 

  add(m: Matrix): Matrix = ...  

end 

class SparseMatrix extends Matrix 

end 

m: Matrix = Matrix() 

sm: SparseMatrix = SparseMatrix() 

m.add(sm)
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end 
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end 
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sm: SparseMatrix = SparseMatrix() 

m.add(sm)
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class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ...  

end 

m: Matrix = Matrix() 

sm: Matrix = SparseMatrix() 

m.add(sm)

Method overloading

The binary method problem

Method 
dispatch

Single
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Odersky et al., Programming in Scala (3rd Ed.), Artima
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Odersky et al., Programming in Scala (3rd Ed.), Artima

class Point(val x: Int, val y: Int) { 
  override def equals(other: Any) = other match { 

  } 

} 
class ColoredPoint(x: Int, y: Int, val color: Color.Value) extends Point(x, y) { 
  override def equals(other: Any) = other match { 

  } 

}
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class Point(val x: Int, val y: Int) { 
  override def equals(other: Any) = other match { 
    case that: Point => 
      (that canEqual this) && (this.x == that.x) && (this.y == that.y) 
    case _ => 
      false 
  } 
  def canEqual(other: Any) = other.isInstanceOf[Point] 
} 
class ColoredPoint(x: Int, y: Int, val color: Color.Value) extends Point(x, y) { 
  override def equals(other: Any) = other match { 
    case that: ColoredPoint => 
      (that canEqual this) && super.equals(that) && this.color == that.color 
    case _ => 
      false 
  } 
  override def canEqual(other: Any) = other.isInstanceOf[ColoredPoint] 
}

Odersky et al., Programming in Scala (3rd Ed.), Artima
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class Matrix 
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  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ...  

end 

m: Matrix = Matrix() 

sm: Matrix = SparseMatrix() 

m.add(sm) Dynamic languages

Multiple

Method 
dispatch
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class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ...  

end 

m: Matrix = SparseMatrix() 

sm: SparseMatrix = SparseMatrix() 

sm.add(m)
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Run time

class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ...  

end 

m: Matrix = SparseMatrix() 

sm: SparseMatrix = SparseMatrix() 

sm.add(m)
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class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ...  

end 

m: Matrix = SparseMatrix() 

sm: SparseMatrix = SparseMatrix() 

sm.add(m)

(Matrix, SparseMatrix)

(SparseMatrix, Matrix)

<:

<:

sm.add(m)

Run time
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class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ...  

end 

m: Matrix = SparseMatrix() 

sm: SparseMatrix = SparseMatrix() 

sm.add(m) Ambiguous method calls

Run time

(Matrix, SparseMatrix)

(SparseMatrix, Matrix)

<:

<:

sm.add(m)
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Compile 
time

class Matrix 

  add(m: Matrix): SparseMatrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  numOfNonzeroEntries(): Int = ...  

end 

m: Matrix = Matrix() 

sm: Matrix = SparseMatrix() 

m.add(sm).numOfNonzeroEntries()
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Run time

class Matrix 

  add(m: Matrix): SparseMatrix = ... 
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end 
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class Matrix 

  add(m: Matrix): SparseMatrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  numOfNonzeroEntries(): Int = ...  

end 

m: Matrix = Matrix() 

sm: Matrix = SparseMatrix() 

m.add(sm).numOfNonzeroEntries().numOfNonzeroEntries()

Matrix

Run time
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class Matrix 

  add(m: Matrix): SparseMatrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  numOfNonzeroEntries(): Int = ...  

end 

m: Matrix = Matrix() 

sm: Matrix = SparseMatrix() 

m.add(sm).numOfNonzeroEntries()

Broken type preservation

Run time

.numOfNonzeroEntries()

Matrix
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Compile time

Overloading rules

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ... 

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ... 

...
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add1

add2

add3

add4

adds

Run timeCompile time

Overloading rules

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ... 

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ... 

...
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add1

add2

add3

add4

<:

<:<:

(parameter type)

Unambiguity

adds

Run timeCompile time

Overloading rules

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ... 

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ... 

...
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Overloading rules

add1

add2

add3

add4

<:

<:<:

(parameter type)

Unambiguity

adds

<:

(return type)

Type Preservation

Run timeCompile time

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ... 

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ... 

...
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applicableSet(d) = {T : d is applicable to T}

Types2

applicableSet(d1)

(Matrix, Matrix)

(Matrix, SparseMatrix)

...

(Object, Object) (String, Matrix)

...

Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11

m1 :add(m: Matrix, m: Matrix): Matrix = ...d1 :
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d2 ⊑ d1 iff applicableSet(d2) ⊆ applicableSet(d1)

m1 :

applicableSet(d2)

(Matrix, Matrix)

(Matrix, SparseMatrix)

...

...

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ...

is more specific than

d2 :

applicableSet(d1)

d1 :

Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11
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Overloading rules 
1. No duplicates rule 
2. Meet rule 
3. Return type rule

add1

add2

add3

add4

Unambiguity

adds
(return type)

Type Preservation

Run timeCompile time

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ... 

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ... 

...

⊑

⊑⊑

<
:

Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11
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d1 = d2 ⇒ d1 = d2

No duplicates rule
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class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: Matrix): Matrix = ... 

end

d1 = d2 ⇒ d1 = d2

No duplicates rule
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class Matrix 

  add(m: Matrix): Matrix = ... 

end

d1 = d2 ⇒ d1 = d2

No duplicates rule
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d1

Meet rule

d3 d2
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class Matrix 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ... 

end

d1

Meet rule

d3 d2
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class Matrix 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end

d1

Meet rule

d3 d2
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Return type rule

⇒
T2

d1

d2

T1

<
:

Return types
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class Matrix 

  add(m: Matrix): SparseMatrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

endReturn type rule

⇒
T2

d1

d2

T1

<
:

Return types
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class Matrix 

  add(m: Matrix): Matrix = ... 

  add(m: SparseMatrix): Matrix = ... 

end 

class SparseMatrix extends Matrix 

endReturn type rule

⇒
T2

d1

d2

T1

<
:

Return types
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add1

add2

add3

add4

adds
(return type)

Type Preservation

Run timeCompile time

add(m: Matrix, m: Matrix): Matrix = ... 

add(m: Matrix, m: SparseMatrix): Matrix = ... 

add(m: SparseMatrix, m: SparseMatrix): SparseMatrix = ... 

...

Unambiguity

⊑

⊑⊑

<
:

⇒
T2

d1

d2

T1

<
:

Ret ur n t ypes

d1 d3 d2

d1 = d2 ⇒ d1 = d2
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

i: Int = 1 

makeArray(i)

Parametric polymorphism
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instances(d1) : makeArray(t: Object): Array[Object] = ... 

makeArray(t: String): Array[String] = ... 

makeArray(t: Number): Array[Number] = ... 

makeArray(t: Int): Array[Int] = ... 

...

d1 : makeArray[T](t: T): Array[T] = ...

Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11
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applicableSet(d) = {T : ∃D ∈ instances(d) . D is applicable to T}

Types = applicableSet(d1)

Object String

...

Number Int

d1 : makeArray[T](t: T): Array[T] = ...

Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11



/ 91!47

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...d2 :

applicableSet(d2)

applicableSet(d1)
Object String

...

Number Int
...

d2 ⊑ d1 iff applicableSet(d2) ⊆ applicableSet(d1)
is more specific than

d1 :

Allen et al., Type Checking Modular Multiple Dispatch with Parametric Polymorphism and Multiple Inheritance, OOPSLA '11
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d1

Meet rule

d3 d2d1 = d2 ⇒ d1 = d2

No duplicates rule
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

Return type rule

⇒
T2

d1

d2

T1

<
:

Return types
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Return type rule

⇒
T2

d1

d2

T1

<
:

Return types

class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ... 

i: Object = 1 

a: Array[Object] = makeArray(i) 

a[0] = "1"

Compile 
time
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Return type rule

⇒
T2

d1

d2

T1

<
:

Return types

class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ... 

i: Object = 1 

a: Array[Object] = makeArray(i) 

a[0] = "1"

Run time
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

Return type rule

⇒
T2

d1

d2

T1

<
:

Ret . types

T

∈
App . to T

d1

d2

∀

∃
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

Return type rule

d1

d2

d1

d2
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

makeArray(i: Object): Array[Object] = ...

Return type rule

d1

d2

d1

d2
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

makeArray(i: Object): Array[Object] = ...

Array[Object]

Return type rule

d1

d2

d1

d2
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

makeArray(i: Object): Array[Object] = ...

Array[Object]

Return type rule

d1

d2

d1

d2
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray(i: Number): Array[Number] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

makeArray(i: Object): Array[Object] = ...

makeArray(i: Number): Array[Number] = ...

Array[Object]

/∃

Return type rule

d1

d2

d1

d2
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⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray[T](i: Number): Array[T] = ...

Return type rule

d1

d2

d1

d2
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class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray[T](i: Number): Array[T] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

makeArray(i: Object): Array[Object] = ...

makeArray[T](i: Number): Array[T] = ...

Array[Object]

makeArray(i: Number): Array[Object] = ...
Return type rule

d1

d2

d1

d2
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d1

d2

d1

d2

Return type rule

class Array[T] end 

makeArray[T](t: T): Array[T] = ... 

makeArray[T](i: Number): Array[T] = ...

⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Int

makeArray(i: Object): Array[Object] = ...

makeArray[T](i: Number): Array[T] = ...

Array[Object]

makeArray(i: Number): Array[Object] = ...

T

Object

A dynamic dispatch algorithm
needs statically determined return types
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add1

add2

add3

add4

adds: T
(return type)

Type Preservation

Run timeCompile time

makeArray[T](t: T): Array[T] = ... 

makeArray(t: Number): Array[Number] = ... 

makeArray[T](i: Number): Array[T] = ... 

...

Unambiguity

⊑

⊑⊑

<
:

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈
App . to T

∀

∃

d1

d2

d1

d2
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FGFV Calculus
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FGFV Calculus
Multiple inheritance

Parametric polymorphism
Variance

class A[+T] end 

class A[=T] end 

class A[-T] end

A[T] <: A[S] iff T <: S

A[T] <: A[S] iff T ≡ S

A[T] <: A[S] iff T :> S
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d1 : add(m: Matrix, m: Matrix): Matrix = ... 

makeArray[T](t: T): Array[T] = ...d2 :

dom(d1) = ∃[](Matrix, Matrix)
dom(d2) = ∃[T <: Object](T)

arrow(d1) = ∀[](Matrix, Matrix) → Matrix
arrow(d2) = ∀[T <: Object](T) → Array[T]
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d1 = d2 ⇒ d1 = d2

No duplicates rule



/ 91!69

d1

Meet rule

d3 d2
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⇒
T2

T1

<
:

Ret . types

T

∈
App . to T

∀

∃

Return type rule

d1

d2

d1

d2
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Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)
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Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)
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Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)

d2 d5d1 d4 d6 d7d3
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Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)

d2 d5d1 d4 d6 d7d3

m(a): Tr



/ 91!75

Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)

d2 d5d1 d4 d6 d7d3

m(v): Tr

Ta

Dispatch

Match

Match
Solve

:

<
:

<
:
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Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)

d2 d5d1 d4 d6 d7d3

m(v): Tr

Ta

Dispatch

Match

Match

m[P](Sa): Sr Solve

:

<
:

<
:
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Run timeCompile time

d1 d3 d2

d1 = d2 ⇒ d1 = d2

⇒
T2

T1

<
:

Ret . t ypes

T

∈

App . to T

∀

∃

d1

d2

d1

d2

d2

d5

d1

d4

d6 d7

⊑ ⊑

⊑ ⊑ ⊑
d3

⊑

m(e)

d2 d5d1 d4 d6 d7d3

m(v): Tr

Ta

Dispatch
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Theorem
A well-formed program never results in an ambiguous method call. 

Theorem
A well-formed program never results in a type error.
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