A FORMULATION OF THE SIMPLE THEORY OF TYPES
[ Journal of Symbolic Logic, 5(2):56-68, JUNE 1940]

Alonzo Church

23t o] S A (SHFU S )

SIGPL 7283 2005: =2 1 ef o] Hofo] 1AL
20053 29 18




HISTORY|

From “A Challenge for Mechanized Deduction” [Benzmiiller and Kerber
2001]

e Higher-order logic: a far more expressive language than
first-order logic.

e Russell’s paradox [Russell 1902, 1903]: no self-reference.
When R ={X | Xin X}, Rin R?
e A type can be a solution [Russell 1908] by differentiating between
objects and sets (functions).
e Formalization with a typed A-calculus [Church 1940]

— A basis formalizm in modern higher-order theorem provers:
Tprs, HOL, Pvs, LEO, OMEGA, A CL4M

— Opens the propositions-as-types idea

— Opens constructive type theory




OVERVIEW|

e [ogical formulas are represented by A-terms.
e Rules of inference: A\-conversion + «.

e Axioms: propositional calculus, logical functional calculus,
number theory

e Proof & Theorems
e Examples

— Peano’s arithmetic

— Primitive recursion




WELL-FORMED FORMULAS|

e Type symbols
— o (propositions) and ¢ (individuals)
— a — [ for all o, g (functions)
* «, 3, v: variable or undetermined type symbols
a(a— a)— (a— a)
e A formula is a finite sequence of:
— improper symbols: A () .
— constants: N, A, oo nmo)=o Lia—o)—a
— variables: x, vy, ---

o Well-formed formulas:
— a single proper symbol (type: its subscript)
— A\zg.M, for all well-formed M, (type: 8 — «)
— Fj_,As for all well-formed Fj_.,, As (type: o)

* capital letters: variable or undetermined well-formed formulas




ABBREVIATIONS (I)]

—A — N0—>0A0

Ao VB, — Ao—>0—>voBo

A, NB, — —(=A,V -B,)

A, OB, — —-A,V B,

A, =B, — (A, > B,) A (B, > A,)

VZE@.AO — H(a—>o)—>o>\xa-Ao
dr,. Ay — (Va,.—A,)

€JZQ.AO — L(a_>0>_>a>\$Q.AO

Qa—>a—>o — Ax&-Awafoz—m'foz—mxa D) f&—>0ya
Aoz - Ba — Qoz—>oa—>0AocBoz
Acv 7& Ba — _'<Aa — Ba)




ABBREVIATIONS (II)]

| N — ATy 2y

Ko psa — ATo.AY3.Z0o

0, — AMa—ma-ATq. Ty

o — Moo Ao [l 0Ta

So/—>o/ - )‘na’-)\faea-)\xa-faaa (no/foz—mcxa)
Ny — Ay V.

fa—>000/ D) (vxo/-fozﬁoxo/ D) foz—>0(So/—>o/xo/>> D) fa—mno/

Po/—>o/ — AZC@’-P@’—W”’<T&”—>a”’<Ta’—>a”xa’>>
Ta/_m// —_— AI&/,é‘LIjOz//,NO{//%OCL’a// /\ xo/’So/—m/Oo/ p— :Ca/

Sa/—>o/ (pall (K&/—my/—)o/IO{’HCY/) OO/) )
Anoz”"noé”/ ()\po/" < pa//(Ka’—>O/—>a’Ia’—>O/>OO/ >

P Oé///—>0/ —

<Oo/> Oo/>

(Ka’—>0/—>0/00/> Ly o

<Ao/7 Bo/> - wo/%o/—w”Ao/Bo/

Wo! —a!—al' — )\ya/.)\za/.)\f@ﬁa.)\ga/.)\hoé_)&.)\xa.
yo/(fa—wgo/hoz—m) (Zo/<go/h04—>oz>xoz>




RULES OF INFERENCE]

[*. M& — Ma{yﬁ/azﬁ}

II*. ()\ZIZ@.MO) Nﬁ — Ma{Ng/Jjﬁ}

HI*. M, {Ns/25} — (Azs.M,) Nj

IV.

FOé—>O£CC¥ FOé—>OAOé

V.
VL.

A, D B,and A, — B,

FO(—>O‘CCO{ — H(a—>o)—>oF04—>o

*any part of a formula

when x5 is not a free variable of
M, and yz does not occur in M,.
(a-conversion)

when the bound variables of M,
are distinct both from x5 and from
the free variables of Ng.
(B-conversion)

when the bound variables of M,
are distinct both from x5 and from
the free variables of Ng.

when z, is not a free variable of
F_.. (substitution)

(modus ponent)

when z, is not a free variable of
F,_.,. (generalization)




DERIVED RULES]|

V. M, — M,{A,/free x,} when the bound variables of M,
other than z, are distinct from the

free variables of A,.
(by rule I-1V)

VI M, — Vz,.M,
(by rule I, IlI and VI)

e A derivation of VI’
M, M 2 Azo. M)z,
ﬂ) H(a_>0)_>0<)\$a.M£> # H(a_>0)_>0<>\$a.MO>

where M) is a-equivalent to M, and =z, is not a bound variable of
M,.




FORMAL AXIOMS]|

pVpOp

pDOpVyq

pVqgDqVp
(PDqg)D(rVpDdrvg

=0 o=

5%, H(oz—>0)—>0fcy—>0 ) foz—>0xoz
6. (\V/ZUa.p V fa_>0$&) opV H(a_m)_mf&_m

7. dz, Ay,.x, # v,
3. NL/_>OLCL/ D) NL/_>0yL/ D) SL/_>L/[L'L/ = SL/_>L/yL/ DXy =Yy

9¢. foz—>oxoz D) <Vyoz-foz—>0yoz D Ty = ya> D) fa—>0<b(cx—>0)—>&fa—>o)

10, (V%ﬁ.fﬁ_wxg = gg_mﬂ}@) D) faﬁ = Jaj
L1, foz—mxoz D) foz—>0<b(a—>o)—>afoz—>0)

* 1-4: propositional calculus, 1-6*: logical functional calculus, 7-9°: elementary
number theory, 10%°~11%: classical real number theory




PROOF]|

o A proof of a formula B, on the assumption of the formulas
Al A% ... A" is a finite sequence of formulas:

— one of formulas Al A% ... A",
— a variant! of a formal axiom, or
— obtainable from preceding formulas by a rule of inference,

which ends with B,.

e When B, has a proof on the assumption A}, A% ... A", we write:
AL A2 .. A" B,

e Deduction theorem
VILIf Al A% ... A"+ B, then A, A% ... A"+ A" D B,.

1A formal theorem obtained by alphabetically changing variables by rules I and IV'.

9




129,
13,
14,
152,
16,
17e.

187,
19,
20,
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THEOREMS]|

(vxa-foz—wxo) D) fa—>oya

fa—oYa D 3%q.- fa—oTa

(VZap D fasoTa) D P D Voo fasoTa
(VZo-fasoTa D P) D (FTa.fasoTa) D P
Lo = Lo

Lo = Ya 2 foz—>0xoz 2 foz—>oyoz

Tao = Ya O fa—ﬁxa — foz—ﬁ'ya

Ta = Ya DO Yo = T

Lo =Ya O Ya = Ba D Ta = Za

. f6—>a = )\xg.fg_mé:ljg




PEANO’S AXIOMS]|

http://mathworld.wolfram.com/PeanosAxioms.htmi
e 0 is a number.
e If a is a number, the successor of ¢ is a number.
e 0 is not the successor of a number.

e Two numbers of which the successors are equal are themselves
equal.

¢ (induction axiom) If a set S of numbers contains 0 and also the
successor of every number in .S, then every number is in S.




PEANO’S AXIOMS]|

e 0 is a number.
229 Ny, 0,

e If 0 is a number, the successor of ¢ is a number.
23¢. No/—>oxo/ D) No/—>0<So/—>o/$o/>

e () is not the successor of a number.
25% NySoTo O Sy—a/Toy F 0y

e Two numbers of which the successors are equal are themselves
equal.
26%. No/—>oxa’ D) Na’—>0ya’ D So/—>o/$a’ = Salﬁo/ya/ DTy = Yy

e (induction axiom) If a set S of numbers contains 0 and also the
successor of every number in S, then every number is in S.
247, fo/—>000/ D, (vxa’-Na’ﬁoxa’ 2 fo/—>oxa’ ) fa’—>o<SO/—>o/xa’)> )
No/—>0xa’ D, fo/—>0xo/




INDUCTION THEOREM|

From 24% and the deduction theorem VII, we have
VIII. If

1. z, is not a free variable of A}, A% ... A" F.._,,

2. A}), Ag, s ,AZ - Fa/_moo/, and

3. Aé? Ag7 T 7‘427 NCV/—>O:CCK/7 Fo/—>0xo/ = FO/—>O<SO/—>O/:CCV/>/
then A}), Ag, AP E Ny Loy D Fy 0Ty




PROOFS OF 25% AND 26%]

e For proving 257,

25% NyLoTo DO SysaTor 7 0y
27%. Ax . Y0 To F Ya

28, SO/_W/ZCO/ # OO/

e For proving 267,

26% Ny _oTq D No/—>oya’ D Syma/ly = So/%o/yo/ D Xy = Yo
(only when « is either ¢, ¢/, /", - - +)

29% Ny, D No/—>0<no/’scv’—>0/0a’>

30% Nor_omar DO Nyrongr D ManSy—a/00r = NotS a0y D Mg =
o
(only when « is either ¢, ¢/, /", - - -)




17% 2=y D foo® D fooyl WM/x, ~Mfy, Aem(M D =2)/fo0}

here M = -
LRule 1V’ where M =pV p

lRuIeV (gqDr>s)D(rd>g>Ds)

lRulev  —(0 > )

(M =—-M) D ~(M D> —-=M)

joev——o-— Proof of 27°

LRule 111

lRuIe V 137 foloy O 32 for

Jr.Jy.z # vy




N . ] . ., 3 . 3 _.

Kzo/va, Kta/Ya,
Au-"ﬁ—»a-'-u-",ﬁ’ —.~cra‘_;3 7£ Kfcra}_ﬁ / j ‘L]-'—.»o

Ktcr — KZ&. D chta‘_;f? 7é Ktﬂ_.;l‘;{-g D Ktcra‘ﬁ # Ktcra}ﬁ

' I
Za 7é tcra Kt{t‘ — KZ&- }_ Kt{ta‘_ﬁ ?’é thta‘_ﬁ

Zoy 7é tﬂ-‘ }_ Kt(t‘ — K,Z'ﬂ.- D thta‘_ﬁ 7é Ktﬂ-'a‘_ﬁ
Zoy 7é la - Ktﬂ-‘ Ly = Ktcr L3 D Ktcr 7é K‘?ﬁ'

y

2o #F to = Kty # Kz, Proof of 27b Ta

v

Za 7é tu‘.’t‘ D 3fﬁ—-ﬂ-‘-Hg}f—}_}ﬂ*-f 7é g under 27a

y

(Hi’?a-atcr-za ?‘é ta) D Hf.::i—m--393—.»::&--f ?’é g

3fs—a-395—a-F # g




~ i Y - - . / .
o ?’é to - Sa-*’—a-*'i'a-’(\Ka—r_}-—r:xf-ﬂ-)ta- ?’é Oa-’[K&—r:x—r:xzr:x)tﬁ

PQ. e : . . __
17 Lo = Yo D j a—ola j a—olYa

v

Sa/— o =o'l = Or_}" - Sa’—a” "LKa—a—af-'a Lo 7£ 0 a—a—m Nmﬁa
2 0 (Ka—a— ~ﬂ IL(L % 00, fk—(}'—tl"“(}'thk

y v

™
£ 0}

—
i ﬂ

?’é ta F So—atTot = 0y D 0y (Ka—a—aza)ta ?’é 0y (Kasosaza)ta
?’é to | Om-’(Ka—r:x—r:xzr:x,)ta - OL}-”LKEE—*EL—(LEELJILEE 2 Sr:x’—cx’mr:x’ ?’é 0,

2o % Ifﬂ. }_ Sﬂ_»’_,r_-i_»’ilfﬂ_f % 0&»’

l

EIEQ..EItr_}..Eﬂ; ?é I‘-(} ::' S[}-;—ﬂ;":ljﬂ-" ?’é Ol’_'i"’

y

S,/

—a/ Lo/ ?’é Oy

Proof of 282 and 252




PROPERTIES OF T /_,

e Theorems

31¢. Na/_mafal D) Noz”—>0(To/—>0/’xo/>

32 Ny_oTe O T oo TorSo—a/0y = Ty

33 Ny ooy D AT Ny oo N\ TS yt—0/0yr = Ty
34¢. No/—>0xo/ D) To/—>oz”(So/—>o/$o/) = Sa”—>oz”(To/—>o/’xo/>
30Y T 00y = 0y

(31,32,34,35 only when « is either ¢, ¢/, /", - - -)




E}"' —0 — )\u-}(t’-ﬂma’” -N(t” oLl N Tm’”Sa"' —a! Oa-" = Wy

7 ,
237 N(t”—&{}ila” » N(]-'H—-*O(.S(t"r"—-*(t""';fﬂ-ﬂ)

Nr:.r” —.~00a-'” A Oa-'”S(t" —a’ Oct" —
33‘0—""' -Ncr” —oLa N LM Scr’r —a! Oa-"' — Oa-"'

0 o

v

— 77
aa'. d o d __
18 LTy =Yy D .)t a—ala/ = .f a—ala’

L, o/ =00/

v

Lall Sa-"' —af Oa-" — T/ = Scr" —a/ ( Lt Sa—"’ —a’ Oa-'" ) — SCE" —ao/ Lo/
Lot Scr" —a Ocr" = Ty - Sa-'” —a' Tl Scr" —a' Ocr" — Scr" —a' Lo/

v

\ 4
Ncr’" oo N - Ncr"" —0 { Scr" o' Lo ) A
T SO:" —a Ocr" = Ty S(t"' Ial' Tl Sa-"' —af Oa-"' — Scr" —a’ Lo/
El;’l‘ﬂ,ﬂ . Na,.h'__b ool AN El;’l‘ﬂ,u . Na.h'__b L oM JAN
T Sf_l-"' —a! O(t" = T T Sft"' —af Ocr" — S(tf —o/Ta!

Proof of 332

v

F, o/ soLal I L, a/—o (,Scr" /T )

y

A 4

Ncr" ol O F. o —ol o/




Nﬂ.fﬁ. oLl
Nﬂ:”—‘ﬂ L Tﬂr—ﬂ'nﬂjﬂ; ) Na ﬁo( Sﬂ a"Tﬂ"j
NL}H—D(\S(}H—L}HLTEE”—G;H:EL}';,),) Na.ff o[T a”(s ! o/ Lo JJj

Tﬂ_f_ﬂ.u(S(Er_(kriliﬂr)S(Er_ﬂ_;oﬂ.f — Sﬂ.r_,(kr:]t?@;
i hY “ i \ 1
Sar_ar (‘Tﬂ'f—*r_}"”:z?ﬂ"JS&”—*L}"’OC};F = So/—o/(Tow—ar®a/Se a0y ) = So/ ol To!

v
> N(}- . Tr_l"—a (Sc}’—a"la J Sa”—a (Tc}"—r_}""la J

23% Ny_oty O Ny_o(Sy_gy) PrOOf Of 34a

910, .
31 NL}-"—G'J"G;’ D a;”—cr[\Ta ' —a Lo J

32%: Na’—o Lo O Tr_l"—a L}’Sa’ "Or_l-" = Ty
-?}UQZ Nﬂrr_o'i'nﬂ_ﬂ D) NQH_D' T D, -}*??..QHSQ_;_ 1&_f[]'a.r = 'T?.-Q_HS(EF_Q!OQ} ) M = Mg



22% Ny,

y

Na-”—o(Ta-"—ﬁ”ch’j

]
22“’ . N(};”—OO(};H

To_

0 -J:HS':L _&roﬂf — Ol’_'i-”

0SSy — o0, =0,

>

T(}"’—L}HOD;" = UQH

910, .
31 NL}-"—G'J"G;’ D a;”—cr[\Ta ' —a Lo J

390
) Na’—o Lo O Tr_l"—a

Proof of 352

L}’Sa’ "Or_l-" — Ly

r Ck

309 Nﬂrr_o'i'nﬂ_ﬂ D) N&H_G'T?.ﬂrr D, 'T:"?.-(EHSQ_!_.Q_!OQF

— 'T?.-Q.HS ol — a.r{]ﬂ.; D) (AT

= N



PRIMITIVE RECURSION]|

e Given formulas A, and B _, .., there exists F.,_, such that
F,_.,0, = Ay
No/—>0370/ ) Fa’—>0/<so/—>o/xo/) — Bo/—>o/—>o/xo/<Fo/—>o/xo/>
where z/ is not a free variable of A, B_./—a, OF Fy_ .
o F o —a! 1S:

)\ZC@/.TQ//_W///(TO/_W//:CO/)

(Ay . < Sa/—at (Yo (Koo —alar—ar)0a), >)
N By <y04” <KO/—>O/—>CY’I&’—>O/)OCY’> (yo/’ (Ko/—>o/—>o/oo/)lo/—>o/)

<Oo/a Ao/> (Ko/—>o/—>o/00/>

e P, . isa primitive recursive function for the case that A, = 0,/
and BO/_W/%O/ = )\ygl.)\za/.yali




PO/”—>O/ —

36,
37,
38,

39¢.

40°.
414,
42,
43¢,

PROOF FOR P/, /|

Sa/—>a/ (pa// (Ko/—>o/—>o/]:o/HO/> 004/) ?
>\no/”°n0/” ()\pa//. < pa//(Ka’—>o/—>o/Io/—>Ck’>00/ >

<0a’7 Oo/> (Koz’—>o/—>a’00/> | BV

No—ongr D )\foz—wu)\moz( fa—>ozxoz)

Ny omy DO Nyong D <m > ( ool —al Lo/ o )0 =My
Ny omy D Ny ong D <moz’7n ’> (Ko/—mz ~a'0q )Icv—>oz = Ny
So/—af <po/’<Ko/—>a —>O/IO/—>O/)OO/>7 >>

Na///_mna/// D N )\po/"< K | 0
po/’( o/ —a!—a! O/—>Oé/) o

(00, 0,) (Koo —aXlo—ar) Oy
= no/O//Sa”—w”Oo/’So/—>o/00/
No/—>00//no/” D) Po/—>o/”<04”no/”) = no/a”So/’Ha”Oo/’So/—>o/00/
Po/—>o/”00/” = Oo/
Po/—>0/0 ;= O /
Na/_mn I Po/—>oz <Sa _>O/77,O/) = Ny




SUMMARY|

o A typed higher-order logic system which incorporates A-calculus.

— Peano’s arithmetic
— Primitive recursion

e A basis formalizm in modern higher-order theorem provers.




