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Syntax and Semantics

Well-formed formulas ϕ of the basic modal language

ϕ ::= p | ⊥ | ¬ϕ | ψ ∨ ϕ | ¦ϕ

#�l�"f p��H proposition letter, ⊥, ¬, ∨�Ér y��y�� arity 0,1,2��� connec-
tive, ¦��H unary modal operators� 9, s���_	כ dual�Ér ¤ϕ := ¬¦¬ϕ�Ð &ñ

_��#� ��6 xô�Ç��.

{9�ìøÍ&h���� modal language\�"f��H e��_�_� Ä»ô�Çô�Ç arity\�¦ ��t���H modal
operator\�¦ #�!Á	 ��|9� Ãº e����.
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Syntax and Semantics, continued

A frame for the basic modal language is a pair F = (W,R) such that
W is a nonempty set and R is a binary relation on W .

A model for the basic modal language is a pair M = (F, V ) where
F is a frame for the basic modal language and V is a function
assigining to each proposition letter p a subset V (p) of W . V is
called a valuation.

We write M, w ° ϕ in case the formula ϕ is satisfied (or true) in
model M at state w. °��H F�)&h�Ü¼�Ð &ñ
_�÷& 9, #��Q �â
Äº ×�æ ���©� ×�æ
¹ô�Çכ ���ëß� ��A�\� �Ð%i���.

M,w ° ¦ϕ iff (∃v ∈ W )(Rwv and M, v ° ϕ)

ϕ is globally true in M iff it is true in M at all points in W .
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Syntax and Semantics, continued

A formula ϕ is valid at a state w on a frame F (notation: F,w ° ϕ)
iff ϕ is true at w in every model based on F .

A formula ϕ is valid in a frame F (notation: F ° ϕ) iff ϕ is valid at
every state on F .

A formula ϕ is valid on a class of frames F (notation: F ° ϕ) iff it
is valid on every frame F ∈ F.
A formula is valid iff it is valid in the class of all frames.

The set of all formulas valid in a class of frames F is called the
logic of F, and denoted by ΛF.
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Syntax and Semantics, continued

models < general frames < frames

A general frame is a pair (F,A) where A ⊆ P(W ) satisfies the fol-
lowing closure conditions:

1. if X,Y ∈ A, then X ∪ Y ∈ A,

2. if X ∈ A, then W −X ∈ A,

3. if X ∈ A, then {w ∈ W
∣∣ Rwx for some x ∈ X} ∈ A.

A model based on a general frame (F, A) is a triple (F, A, V ) where
V (p) ∈ A for each proposition letter p.

The validity of a formula in a general frame is defined in the obvious
way.
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Completeness

A (normal modal) logic in the basic modal language is a set Λ of
modal formulas that contains, besides all propositional tautologies,
the axioms

(K) ¤(ϕ → ψ) → (¤ϕ → ¤ψ)

while it is closed under the inference rules

• (modus ponens) if ϕ → ψ ∈ Λ and ϕ ∈ Λ then ψ ∈ Λ,

• (necessitation) if ϕ ∈ Λ then ¤ϕ ∈ Λ.

Usually we require consistency for a set of formulas to be a logic.

If Λ is a logic, then we may write `Λ ϕ in place of ϕ ∈ Λ.
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Completeness, continued

A logic Λ is sound with respect to a class F of frames (or models
or general frames) iff Λ ⊆ ΛF, and complete iff Λ ⊇ ΛF

Proving soundeness is often easy, but proving completeness isn’t.

A logic Λ is complete iff Λ = ΛF for some frame class F.
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Canonical Models

Completeness Λ ⊇ ΛF\�¦ 7£x"î
�l� 0A�#���H �̧4Sq�̀¦ ëß�[þt#Q ?/�� ô�Ç��.

7£¤ ϕ 6∈ Λs���� ϕ�� #Q�"� �̧4Sq Mõ� state w\�"f M,w 6° ϕ e���̀¦ �Ð#��� ô�Ç
��. ��r� ú́����� M, w ° ¬ϕ ��� �̧4Sq M(Õªo��¦ state w)\�¦ ëß�[þt#Q�� ô�Ç
��.

For a set Γ ∪ {ϕ} of formulas, we say ϕ is deducible in Λ from Γ if
there exists ψ1, . . . , ψn ∈ Γ such that `Λ ψ1∧ · · · ∧ψn → ϕ. In this case
we write Γ `Λ ϕ.

Γ is Λ-inconsistent iff Γ `Λ ⊥, and Λ-consistent otherwise. Γ is
maximal Λ-consistent iff Γ is consistent and every proper superset
of Γ is Λ-inconsistent. In this case we say Γ is a Λ-MCS.
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Canonical Models, continued

If Γ is a Λ-MCS, then

• Γ is closed under modus-ponens.

• Λ ⊆ Γ.

• for all ϕ, either ϕ ∈ Γ or ¬ϕ ∈ Γ.

• for all ϕ and ψ, ϕ ∨ ψ ∈ Γ iff (ϕ ∈ Γ or ψ ∈ Γ).

Lindenbaum’s Lemma: Each Λ-consistent set of formulas can be
extended to a Λ-MCS.
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Canonical Models, continued

The canonical model MΛ is the triple (WΛ, RΛ, V Λ) where

•WΛ is the set of all Λ-MCS’s.

• the canonical relataion RΛ is the binary relation on WΛ defined
by

RΛwu ⇔ (∀ψ)(ψ ∈ u → ¦ψ ∈ w).

• the canonical valuation V Λ is defined by

V Λ(p) = {w ∈ WΛ
∣∣ p ∈ w}.

The pair (WΛ, RΛ) is called the canonical frame for the logic Λ.
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Canonical Models, continued

Above definition says, that for a proposition letter p,

(p is true at state w) iff (p ∈ w).

We want to lift this “truth=membership” to arbitrary formulas.

The proof is done by induction on the complexity of ϕ. For boolean
case, it is easy. For modality,

MΛ, w ° ¦ϕ ⇔ ∃v(RΛwv ∧MΛ, v ° ϕ)

⇔ ∃v(RΛwv ∧ ϕ ∈ v)

⇒ ¦ϕ ∈ w.

The converse ‘⇐’ holds by the Existence Lemma, whose prooof is
not given here.
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Canonical Models, continued

Proposition: A logic Λ is complete w.r.t. a class F of frames (or
models of general frames) iff every Λ-consistent formula is satisfi-
able in some F ∈ F.
Canonical Model Theorem: For any normal modal logic Λ and for
every formula ϕ, we have

MΛ ° ϕ ⇔ `Λ ϕ.

proof: Soundeness is easier. For completeness, suppose ϕ is Λ-
consistent. Then let Σ be a Λ-MCS that has ϕ as an element.
Thus MΛ, Σ ° ϕ, whence ϕ is satisfiable in the canonical model.
Now the proof is complete by applying the previous proposition.

We can obtain many important completenss results using the canon-
ical models.
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Canonicity

A formula ϕ is canonical if, for every normal logic Λ, ϕ ∈ Λ implies
that ϕ is valid on the canonical frame for Λ.

A normal logic Λ is canonical if each of its members is valid on the
canonical frame for Λ.

Theorem: Every canonical logic is complete.
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Canonicity, continued

We are interested in the following:

•When is a formula canonical? (This is an undecidable problem.
Nevertheless there is an important class of canonical formulas
called the Sahlqvist formulas.)

•When is a canonical formula “elementary” (i.e., first-order)?

• How do we show that a formula is canonical? (Algebraic methods
are available.)

• Given two sets of axioms, how do we show that they axiomatize
the same (or different) logic? (It is almost always the case that
semantic methods are better than syntactic ones.)
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Logic as Algebras
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