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Modal logic
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Propositional logic + modal operators

C.l. Lewis
A Description Language for Relational structures
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Modal logic

e Rg 24

Alethic L] : it is necessary that ...
{ : it is possible that ...
Deontic O : it is obligatory that ...
P : it is permitted that ...
F : it is forbidden that ...
Temporal | G : it will be always true in the future that ...
F : it will be true at some point in the future that ...
H : it was always true in the past that ...
P : it was true at some point in the past that ...
Doxastic B. : x believes that ...
Epistemic Kz : x knows that ...
Provability | P : it is provable that ...




Modal logic

Basic modal logic
Alphabet :
e A set of propositional letters p, q, ...

e Propositional connectives = and A and constant true T (V, —, <,
L are definable)

e modality 0 (¢ is definable)
Well-formed formula ¢, ¥ :

pl T -9 oAy | O

Modal logic

Definable forms:

¢V Y = (=0 A )

¢ — Y —(¢ A )

¢ = Y (@—=¢) A (¥ —9)
L ull
0P -9




Modal logic

A frame for the basic modal language § = (W, R)
where W is a non-empty set of possible worlds

"Relational structures”

and R is a binary relation on .

A model for the basic modal language 9t = (5, V)
where § is a frame

and V is a valuation function ® — P(W).

Modal logic

M, wEp
MwET
M, wkE -
M, wkE Ay
M, w E Lo

" Satisfaction’

w € V(p), where p € ®
always

M, w ¥ ¢

MwEP and MwEY

for every v € W such that Rwv, we have M, v F ¢

For a set X of formulas

MwkEY if

all members of X are true at w

For the valuation of arbitrary formulas

V(¢) ={w [ M wk ¢}




Modal logic

" Global truth and satisfiability”

A formula ¢ is globally or universally true in a model 9

MEG if MwkE@ forallwe W

A formula ¢ is satisfiable in a model 901

Jw. M, w F ¢

A set X of formulas is globally true in a model I

MEYS if MwEX forallwe W

A set X of formulas is satisfiable in a model 9t

Jw. M, w E X

Modal logic

"o A 1"

§ = ({wy,ws, w3, ws,ws}, R)  where Rww; iff j =i+ 1:

V(p) = {w2,ws}

V(Q) = {wl,wg,wg,w4,w5}
Vir)=90

m, w1 ': <>|:|p

M, wy #OUp —p
M, wo E O(p A )
M, wi F g AO(gAOgAO(gAOq)))
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Modal logic

2] 0:‘” xﬂ 2”
§=({1,2,3,4,6,8,12,24}, R) where Rzxy iff x # y and x divides y:

il

V(p) — {4787 12, 24}1 V(Q) — {6}

M, 6 F Lp
M, 2 Cp
M, 2 E O(g A Op) AO(—g AUp)
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Modal logic

" R-accessible Possible worlds”

§ = (W7 R)

M = (S:a V)

When R=W x W, (W,R,V),wEDOé if Yo e W.(W,R,V),vE ¢

When R=9, (W,R,V),wEO¢ if always

12 s day 7Tl 5442003




Modal logic

"Modal similarity type”
7= (0,p)
where O is a non-empty set of modal operators /N, Ny, A1, ...

and p is an arity function O — N.

For multi-modality

O, or [a]
Oq or (a)

where a is taken from some index set.

13 A day A Lol 52452003

Modal logic

"Modal language”
ML(T,®)
where 7 = (O, p) is a modal similarity type
and ® is a set of propositional letters.

The set Form(7, ®) of modal formulas over 7 and @ is given by the rule

p:=p | L | ¢ | ¢p1ANp2 | A(P1,Pp2)),

where p ranges over elements of ®.

For each A € O, the dual V of A is defined as
V(p1, ooy On) = D (21, ..., 20y)

14 s day 7Tl 5442003




Modal logic

"7-frame and 7-model”
T-frame § = (W, Ra)pner of = (W, {Ra | €T})
(i) a non-empty set W of possible worlds

(ii) for each n > 0, and each n-ary modal operator A in the similarity
type 7, an (n + 1)-ary relation Ra

T-model M = (F,V)
(i) a 7-frame §
(ii) a valuation function V : & — P(W)

15 AsdayAEo]EL4F2003

Modal logic

" Satisfaction again”

MwkEp if weV(p), where p e &
MwET if always
MwkE-¢p if MwkEo
MwEOANY f MwEe¢ and MwEY
M wkE A(¢1y...,0n) if  for every vy, ...,v, € W such that Rawvy...v,,

we have, for each i, 9, v; FE ¢;

Note: when p(A) =0

MwEA if we RA

16 Asday Ao 54452003




Modal logic

"o A 3"
similarity type 7 = ({A, 0}, {A — 2,0 — 3})
7-frame § = ({u,v,w, s}, Ra, So)
R = {(U7U7w>} Se = {(u,v,w,s)}
Vipo) ={v} Vi(p1) ={w} Vip2)={s}

11_. e TRLS ?!1
Py L

L 8

M, u E A(po,p1) — ©Po, 1, P2)
M F A(po, p1) — O(po, p1,p2)

17 s day 7Tl 5942003

Modal logic
"Validity”

F,wkE ¢ iff  for every M such that M = (F,V)
M, wE ¢
SE¢ iff foreveryweW F,wE ¢
FE¢ iff forevery §in a class of frames F
SF
Eo¢ iff foreveryF FE @

Note: validity vs. truth

@ V1 is true at w = either ¢ or v is true at w
¢ V 1 is valid on § # either ¢ or v is valid on §

18 s day 7Tl 5442003




Modal logic

"o A 4 O(pVq) — (OpV Oq) is valid on all frames?”
A F,w,V EASFEL (B, V), wEO(pVe) 9= 7HEsHAR 15 W
ool i A Rwo ©]aL (F,V),vEpVe v 7k SAZ . 2 AT
(S V),vEpVg ol (8, V), vEp olAY (F,V),vE g oIt WEHA
(S, V),wE Op ol AW (3,V),wF Oq ©]3L o]= Fo]E
(S, V), wE OpV Oq oIt

S A 5: Op — OCp is not valid on all frames?”
= ({0.1,2},{(0,1), (1,2)}} S+ V(p) =1 & H5He

counter—exampleg etk &, (3,V),0E Op o] A vk
(§,V),0F00p = okt

19 A5 AU 7 2] 942003

Modal logic

"ol A 6: Op — OOp is valid on transitive frames?”

919 9] transitive §,w,V & H3dt (§,V),wEOp 4 7R3 A 1
A Zoo oA Rwu Q1 BE u o st (§,V),ukEp oth 1
2d R ©] transitive © |22 Rwu ©] 1 Ruv 9 BEE v o t)s}d Ruwwv
o|i (F,V),vEp °lth wWeEbA (3,V),w FO0Op 4= &5 Ao

"o A T (a)p — (b)p ?”

20




Modal logic

" General frames”

Frames vs. Models

Validity vs. Satisfaction

A general frame (§, A) is a frame § together with a restricted, but
suitably well-behaved collection A of admissible valuations.

21 s day 7Tl 5942003

Modal logic

" Operations corresponding to modalities”

Given a frame =(W, R) and X C W,

mpr(X) ={w e W | Rwz for all z € X}

note: V(O¢) = mgr(V(¢))

Given an (n + 1)-ary relation R on a set W,

mgr(X1,...,Xpn) = {w € W | Rww;...w, for all wy € Xq,...,w, € X,,}

22 s day 7Tl 5442003




Modal logic

" General frames” (formally)

general T-frame (§, A) where § = (W, RA) ner
and A is a non-empty collection of admissible subsets of W closed under
the following operations:

(i) intersection: if X, Y € A, then X NY € A
(ii) relative complement: if X € A, then W\ X € A

(iii) modal operations: if Xq,..., X, € A, then mp, (X1,...,X,) € A
forall A er

A model based on a general frame is a triple (§, A, V') where (§, A) is a
general frame and V' is a valuation satisfying the constraint that for each

proposition letter p, V(p) is an element of A. Valuations satisfying this
constraint are called admissible for (F, A).

23 A day A Lol 52452003

Modal logic

"Local semantic consequense”

¢ is a local semantic consequence of X over S : ¥ Fg ¢

for all models M from S, and all points w in 90,
if M, w E X then M, w FE ¢

" Global semantic consequense”

¢ is a global semantic consequence of ¥ over S : ¥ EZ ¢

for all structures S in S,
if SE X then G F ¢

24




Modal logic

" System K"

The axioms of K:

e propositional tautologies

e (K) O — q) — (Op — Ug)
The rules of proof of K:

e Modus ponens: given ¢ and ¢ — 1, prove ¥

- preserves validity, global truth and satisfaction

e Uniform substitution: given ¢, prove 6, where 6 is obtained from ¢
by uniformly replacing proposition letters in ¢ by arbitrary formulas.

- preserves only validity

e Necessitation: given ¢, prove [1¢o

- preserves validity and global truth

25 L=

Modal logic

"K the minimal axiom system”

A K-proof is a finite sequence of formula, each of which is an axiom, or
follows from one or more earlier items in the sequence by applying a rule

of proof.(Hilbert style)

A formula ¢ is K-provable (Fk ¢)
if it occurs as the last item of some K-proof.

K is sound with respect to the class of all frames
. All K-provable formulas are valid
- its axioms are all valid and all 3 rules of proof preserve validity.

K is complete with respect to the class of all frames

. All valid formulas are K-provable.

26 Al




Modal logic

"o A 8: (Op Algq) — O(pAq)is valid ?”

1. Fp—=(g—(pNq)) Tautology

2. FOWpP—(— (pNq)) Necessitation: 1

3. FO(p—q) — (Op — Og) K axiom

4. FOpP—=(g— (pNq)) — (dOp—0(q— (pAq))) Uniform substitution: 3

5. FOp—0O(q— (pAq)) Modus Ponens: 2,4

6. FOW@—(pAq) — (Og—UL(pAgq)) Uniform substitution: 3

7. FOp— (O¢g—0O(pAq) Propositional logic: 5,6

8. F @ pAOqg) —O(pAq) propositional logic: 7
27 A5 HQY AT 59452003
Modal logic

" System K4"

The axioms of K4:
e propositional tautologies
e (K)O(p — ¢q) — (Op — Lq)
e (4) Op— O0Op
The rules of proof of K4:
e Modus ponens
e Uniform substitution

e Necessitation

by |_K4 ¢ iff X I:Tran (b

28 s day 7Tl 5442003




Modal logic

" Axioms and frame conditions”

Name Axiom Condition on Frames Ris ...

(D) Op — Op Ju.wRu Serial

(M) Op—p wRw Reflexive

(4) Op —0O0p  if (wRv and vRu) then wRu Transitive

(B) p — OOp if wRv then vRw Symmetric

(5) Op — OOp if (wRv and wRu) then vRu Euclidean
(CD) Op—0Op if (wRv and wRu) then v = u Deterministic
(OM) O@p—p) if wRv then vRv Shift Reflexive
(C4) [OOp—Up if wRv then Ju.(wRu and uRw) Dense

() O0p — OO0p  if (wRv and wRx) then Ju.(vRu and xRu) Convergent

29 A day A Lol 52452003

Modal logic

"Relationships among modal logics”

54-14 53 =M3
=MBS
=M4BS
_ =145
D4 MB =M4B
D45 =D4E
=D4B5
=DE5

kK4 k.BS=kK 465
k43 =k4B

30 Asday Ao 54452003




Modal logic

"Result by Scott and Lemmon”

(G) O"D'p — ¥OFp

(4) Op— 0O0p = 0°0O'p — O0*0%

(hijk-Convergence) if R"wv and R7wu then 3z.(Rivx and R*ux)
(0120-Convergence) if R°wv and R*wu then Jz.(R'vx and Rux)
(transitivity) if Rvz and Rzu then Rou

Note: Sahlqvist(1975) has discovered important generalizations of the
Scott-Lemmon result covering a much wider range of axiom types.

31 A day A Lol 52452003

Modal logic

"R 2] A4S Z2A st A
e Temporal logics
e Dynamic logics
e Fixpoint logics
e Modal type system
e Model checking
e Semantics
e Bisimulation

e Analysis and Verification of modal properties

32 s day 7Tl 5442003




Modal logic

"2} RO
New typing ideas from (intuitionistic variants of) standard modal logics
Potential applications include type systems for...

e run-time code generation

e meta-programming and higher-order syntax with free-variables

e memoization and incremental computation

e information flow and security

e distributed computation

e resource-bounded computation

o ...

taken from B. Pierce's slides
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Modal logic
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