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Preface

This is the supplementary material to be distributed to the students at SIGPL Summer School 2009. It
is based on the course notes for CSE-433 Logic in Computer Science taught at POSTECH, and aims to
introduce the basic proof theory (natural deduction) that underlies the design of the proof assistant

Cog.
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Chapter 1

Propositional Logic

This chapter develops propositional logic, i.e., logic without universal or existential quantifications.
In developing a formal system of propositional logic, we use two judgments: A prop and A true.

A prop & Aisa proposition
A true & Aistrue

A prop becomes evident by the presence of an inference rule deducing A true. We will inductively
define the set of propositions using binary connectives (e.g., implication D, conjunction A, disjunction
V) and unary connectives (e.g., negation —). The inference rules will be designed in such a way that
the definition of a connective does not involve another connective. We say that the resultant system is
orthogonal in the sense that all connectives can be developed independently of each other.

1.1 Natural deduction system for propositional logic

Natural deduction [?] is a principle for building a system of logic whose main concepts are introduction
and elimination rules. An introduction rule explains how to deduce a truth judgment involving a partic-
ular connective, exploiting those judgments in the premise. That is, it explains how to “introduce” the
connective in a derivation (when read in the top-down way). For example, an introduction rule for the
conjunction connective would look like:

AN B true A

A dual concept is an elimination rule which explains how to exploit a truth judgment involving a par-
ticular connective to deduce another judgment in the conclusion. That is, it explains how to “eliminate”
the connective in a derivation (when read in the top-down way). For example, an elimination rule for
the conjunction connective would look like:

A /\B true AE

An introduction rule usually conveys the intuition behind a connective and is thus relatively easy to
design. In contrast, an elimination rule extracts the knowledge represented by a judgment and careful
design is required to ensure that the resultant system is sound and complete in some sense. For example,
an ill-designed elimination rule may be so strong as to extract false knowledge that cannot be justified
by its corresponding introduction rule. Or it may be too weak to deduce any interesting judgment. Note
that an introduction rule takes precedence over its corresponding elimination rule because without an
introduction rule, there is no use in designing an elimination rule. That is, an elimination rule cannot be
considered separately from its corresponding introduction rule whereas the design of an introduction
rule can be an isolated task.

Below we develop a natural deduction system for propositional logic, beginning with the conjunc-
tion connective A (which is the easiest case).



Conjunction

Before we investigate inference rules for A, we need to know how to build valid propositions involving
A. Hence we need a formation rule to state that A A B, read as “A and B” or “A conjunction B,” is a
proposition if both A and B are propositions:

A prop B prop
AN B prop

In order to justify the rule AF, we need an inference rule for proving the truth of A A B on the as-
sumption that there are inference rules for proving the truth of A and B. Since A A B is intended to
be true whenever both A and B are true, we use the following introduction rule to admit A A B as a
proposition:

Atrue B true

AN B true Al

The rule Al says that if both A and B are true, then A A B is true. It follows the usual interpretation
of an inference rule: if the premise holds, then the conclusion holds. Now we may use the rule Al to

construct a proof of A A B true from a proof D4 of A true and a proof Dp of B true; we write A tfu e

to mean that D4 is a proof of A true, including the last inference rule whose conclusion is A true:

Da Dg
A true B true Al
AN B true

The design of an elimination rule for A begins with A A B true as a premise. Since A A B true ex-
presses that both A and B are true, we may conclude either A true or B true from A A B true, as shown
in the two elimination rules for A:

AN B true AN B true
A true NEL B true NEr

Implication

The implication connective O requires the notion of a hypothetical proof which is a proof containing
hypotheses. We read A D B as “A implies B” or “if A, then B,” and use the following formation rule:

A prop B prop
A D B prop

The intuition behind O is that A O B true holds whenever A true implies B true, or a hypothesis of

A true leads to a proof of B true. We write a hypothesis of A true as A true, and obtain the following
introduction rule for O:

A true

B true

T
A D B true =l

We may directly deduce A true using the hypothesis A true * when necessary in the proof of B true.
The premise of the rule DI” is an example of a hypothetical proof because it contains a hypothesis,
ie., a judgment that is assumed to hold. We say that the rule DI internalizes the hypothetical proof
in its premise as a proposition A O B in the sense that the truth of A D B compactly represents the
knowledge expressed by the hypothetical proof.
There are three observations to make about the rule DI*. First we annotate both the hypothesis

A true and the rule name DI with the same label x. Thus a label in a hypothesis indicates from which
inference rule the hypothesis originates. It is not necessary to annotate all hypotheses with different
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labels as long as no conflict occurs between two hypotheses with the same label. For example, the
following derivation is okay even though both hypotheses are annotated with the same label x:

z —_—=x
A true A’ true
B true B’ true
oI* 7 7 oI*
A D B true A" D B’ true

(AD B)A (A" D B) true

Second the hypothesis A true * remains in effect only within the premise of the rule DI”. In other
words, its scope is restricted to the premise of the rule DI”. After the rule DI” is applied to deduce

A D B true, A true may no longer be used as a valid hypothesis. For example, the proof below may
not use the hypothesis A true * in the proof of in the proof D4 of A true which lies outside the scope of

xr
A true :

—_— T
A true

D B true

A T

Atrue A D B true
AN(AD B) true

We say that a hypothesis is discharged when its corresponding inference rule is applied and its scope is
exited.

Note that while the premise of the rule DI” is a hypothetical proof, the whole proof itself is not a
hypothetical proof. Specifically the proof D below is a hypothetical proof, but the proof £ is not:

oI

A true
D :
£ :
B true N
A D B true ol

The reason why £ is not a hypothetical proof is that the hypothesis A true s discharged when the rule
DI* is applied, and thus is not visible to the outside. That is, we are free to use any hypothesis without
turning the whole proof into a hypothetical proof as long as it is eventually discharged.

Third the hypothesis A true ’ may be used not just once but as many times as necessary. In fact, we

may even ignore it in the proof without using it at all. Here are examples of proofs that ignore A true °
use it once, and use it twice:

oy A true B}
B true  (not used in the proof) " Atrue . Atrue
A D B true S - A true e AN A true A z
B > (A D B) true AD Atrue ~ AD(ANA) true

As with the elimination rules for A, the design of the elimination rule for O begins with a premise
A D B true. Since A D B true expresses that A true implies B true, the only way to exploit it is by
supplying a proof of A true to conclude B true. Hence the elimination rule for O uses both A D B true

and A true as its premises:
A D Bitrue Atrue
B true

DE

The following example proves (A O B) O (A D B) true using the rule DE:

A B true A true E
B true v -
A D B true |
(AD B) D (ADB) true -
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(We can also prove (A D B) D (A D B) true by directly using the hypothesis A D> B true )

Here are two examples involving both A and D. The two proofs show that A > (B D C) and
(AN B) D C are logically equivalent because each one implies the other. (See Section 1.2 for further
details.)

- A/\Btruey/\ - Atrue’ B true |
AD (BDC) true A true Y AN B iue’ (AN B) D C true ANB true
B D C true ok B true E R C true I oE
C true y - B> C true ° v
(AN B)DC true N AD (B DC) true N
(A5 (B>C) > (AANB)SC) true (AAB)5C) 5 (A5 (BoO)) true

Disjunction
Like A and D, the disjunction connective V is binary:

A prop B prop
AV B prop

AV B, read as “A or B” or “A disjunction B,” is intended to be true when either A or B is true, but
we do not necessarily know which alternative is true. In our formulation of propositional logic, an
introduction rule for V concludes A V B true from a proof of either A true or B true:

A true | B true |
AV B true " AV B true " °
The design of an elimination rule for V is not obvious. A naive attempt would be to conclude one
of A true and B true from AV B true:

AV B true
A true

AV B true
9 AVD true 2

VEL? B true VER?

In a certain sense, both rules are too strong (or too powerful) because they conclude a judgment that

cannot be justified by A V B true, which does not specify exactly which of A true and B true holds. In

fact, each rule allows us to prove A true for any proposition A:

B truem
B D B true
AV (B D B) true

A true

ol*

R
VEL?

Since it is generally unknown which of A true and B true has been supplied in a proof of A V B true
(e.g., when AV B true is a hypothesis), the only logical way to exploit A V B true is by considering both
possibilities simultaneously. If we can prove C true both from A true and from B true for a certain
proposition C, then we may conclude C true from AV B true, since C' true holds regardless of how the
proof of AV B true has been built. The elimination rule for V expresses such a way of reasoning:

A true B true Y
AV B true C true C true
VE®Y
C true

Note that A true and B true are introduced as new hypotheses and are annotated with different labels
z and y. As in the elimination rule for D, their scope is limited to their respective premises of the rule

VE™Y (i.e.,, A true " to the second premise and B true ’ to the third premise), which means that both
hypotheses are discharged when C true is deduced in the conclusion.

Unlike the elimination rules for A and D, the elimination rule for Vv exploits A V B true in an indirect
way in that its conclusion contains a proposition C' that is not necessarily A, B, or their combination.
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That is, when applying the elimination rule to A V B true, we ourselves have to choose a proposition C
(which can be completely unrelated to A and B) such that C true is provable both from A true and from
B true. For this reason, the inclusion of V in a system of logic makes it hard to investigate metalogical
properties of the system, as we will see later.

As a trivial example, let us prove that A true is stronger than A V B true:

A true Vi
AV B true -
A D (AV B) true

oI

The converse does not hold, i.e., AV B true is strictly weaker than A true, because there is no way to
prove A true from B true for arbitrary propositions A and B:

z
B true

AV B true’ Atrue’  Atrue (impossible)
V

A true e
(AV B) D A true

EY*

As another example, let us prove that the disjunction connective is commutative:
(AVvB) D (BVA)true

We begin by applying the rule Dl so that the problem reduces to proving B V A true from AV B true:

AV B true

BV A true
(AVB) D (BVA)true

x

ol

At this point, the proof may proceed either in a bottom-up way by applying an introduction rule VI, or
VlIg to B V A true, or in a top-down way by applying the elimination rule VE to AV B true. In the first
case, we eventually get stuck because it is impossible to prove A true or B true from AV B true. For
example, we cannot fill the gap in the proof shown below:

A\/Btruex

B true
BV A true Vi .
(AV B) D (BVA) true

In the second case, the problem reduces to separately proving B V A true from A true and from B true,
which is accomplished by applying the introduction rules for Vv:

—_—Y —_—z
" A true | B true
AV Btrue BV Atrue "~ BV Atrue \/éﬁ%z
BV A true @

(AV B) D (BV A) true =

Truth and falsehood

Truth T is a proposition that is assumed to be always true. Hence a proof of T true requires no particular
evidence and is always provable, as indicated by the empty premise in its introduction rule:

T prop TF T true T
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Then how do we exploit a proof of T true in an elimination rule? Since we have to provide no particular
evidence in a proof of T true, there is no logical content in it, which implies that there is no interesting
way to exploit it. Therefore T has no elimination rule.

Falsehood L is a proposition that is never true, or equivalently, whose truth is impossible to es-
tablish. The intuition is that it denotes a logical contradiction which must not be provable under any
circumstance. Therefore there is no introduction rule for L. Interestingly, however, there is an elimina-
tion rule for L. Suppose that we have a proof of L true. If we think of L true as something impossible
to prove, or as something that is the most difficult to prove, the existence of its proof implies that we
can prove everything (which is no more difficult to prove than L true)! Therefore the elimination rule
for L deduces C' true for an arbitrary proposition C:

1 true
1 prop LF C true

1E

Then why do we need an elimination rule for L at all, if it is impossible to prove L true? While it is
impossible to prove L true out of nothing, it is possible to prove L true using hypotheses. For example,
1 true in the premise of the rule LE itself may be a hypothesis, as illustrated in the proof below:

xT
1 true
C true LE 7

1 > C true

In essence, there is nothing wrong with reasoning from an assumption that something impossible to
prove has been proven somehow.

We say that a system of logic is inconsistent if | true is provable in it, and comnsistent if not. An
inconsistent system is worthless because a judgment A true is provable for an arbitrary proposition A.
We will later present a proof that our system of propositional logic is consistent, whose discovery was
in fact a major milestone in the history of logic.

Truth T and falsehood L can also be viewed as the nullary cases of conjunction and disjunction,
respectively. Consider a general n-ary case A\_, A; of conjunction with a single introduction rule and n
elimination rules:

N A; true

A; true fori:l,”-,n/\l -
- . <.<
Ny A; true A; true AE (1<i<n)

If welet T = A_, A; with n = 0, the rule A | turns into the rule T because it comes to have an empty
premise, and each rule ) E, disappears (i.e., no elimination rule for T). Similarly a general n-ary case
Vi, A; of disjunction has n introduction rules and a single elimination rule:

2

xr
A; true

Vi, A; true Ctrue fori=1,---,n

A; true "\/ E®
C true Vv

Vi A true VSIS
i=1*"

Ifwelet L =\ | A; withn =0, each rule \/ |, disappears (i.e., no introduction rule for 1), and the rule
V E turns into the rule LE because all hypothetical proofs in its premise disappear.

Now it is clear that T and L are identities for the binary connectives A and V, respectively. For
example, we can identify A A T with A: if A true is provable, then A A T true is also provable because
T true automatically holds; the converse follows by the rule AE,. Similarly we can identify AV 1 with
A:if AV 1 trueis provable, A true must also be provable because the second alternative L true cannot
be taken; the converse follows by the rule VI, .

Negation

The only unary connective in propositional logic is negation —:
A prop
—A prop
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—A, read as “not A” or “negation A,” denotes the logical negation of A, and its truth means that A cannot
be true. We use an approach that uses a notational definition by regarding —A as a syntactic abbreviation
of A D 1. Thatis, = plays no semantic role at all and —A is simply expanded to A O L. The notational
definition of — justifies the following rules:

xr
A true
ﬂ | ~A true A true E
- A true L true

Note that if - was defined as an independent connective rather than a notational convenience, these
rules would destroy the orthogonality of the system because the meaning of - would depend on the
meaning of 1. We use the third approach in our treatment of - (which is the most popular definition in
the literature).

As an example, we prove that if A is true, then ~A cannot be true:

Y
—A true A true
-E
1 true v
——A true
A D ——A true

|:E

The converse -—A D A true is not provable, however, which implies that A true is strictly stronger than
——A true. That is, a proof that =A cannot be true is not enough for concluding that A is true. A failed
attempt to prove =—A D A true would look like:

—_— T
——A true
7
e
——A true -A true

1 true
A true LE
——A D A true

=

x

ol

The unprovability of ~—A D A true is a quintessential feature of the system of logic presented so far,
or any system belonging to what is known as constructive logic or intuitionistic logic. In constructive logic,
what —A true proves is not exactly the direct opposite of what A true proves. Rather it provides only
indirect evidence that there is no proof of A true by showing that the existence of such a proof leads to
a logical contradiction. In contrast, classical logic assumes that every proposition is either true or false
and has no intermediate state. Under classical logic, =—A true is indistinguishable from A ¢rue because
A is either true or false and we have positive evidence that A cannot be false. The truth table method
for proving the truth of a proposition is based on classical logic, which tries all possible combinations
of truth and falsehood values for all atomic propositions.

Figure 1.1 shows all inference rules of propositional logic where the set of propositions is inductively
defined as follows:

proposition A = P|AANA|ADAJAVA|T|L|-A

P is called a propositional constant and denotes an atomic proposition (e.g. ‘1 + 1 is equal to 0, ‘1 + 1
is equal to 2" is true,” ‘the moon is made of cheese,” etc). The rules —I and —E are derived rules under the
notational definition A = A D L. From now on, we use the following operator precedence

2 >A>V>D

where A, V, D are all right-associative. Examples are:

-ANB = (-A)AB AANBAC = AA(BAC)

AVBVC = Av(BVC)

AvB>C = (AvB)>C ADB>C = A>(BDO)
SAABVCSD = ((FA)AB)VC) DD -
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A true B true AN B true AN B true
- = =——=—— AE =——=—"— AE
A A B true Al A true NEL B true NER
A true
A D Btrue A true SE
: B true
B true .
A D B true ol
A true B true Y
AV B true C true C true
A true Vi B true Vi VETY
AV B true AV B true C true
A true
T L true 1E L true = —A true A true £
T true C true —A true 1 true B

Figure 1.1: Natural deduction system for propositional logic

1.2 Logical equivalence

We say that a proposition A is logically equivalent to another proposition B, written A = B, if A true
implies B true and vice versa. A notational definition of logical equivalence A = B is given as follows:

A=B

(AD B)A(B D A) true

If A and B are logically equivalent, an occurrence of A inside any proposition may be replaced by
B (or an occurrence of B by A) without changing its meaning in that the resultant proposition remains
logically equivalent to the original proposition. Thus logical equivalences enable us to simplify a proof
involving a proposition that is logically equivalent to a less complex proposition. For example,

—=—A D (-—=B D =(AV B)) true

becomes easy (or even obvious) to prove once we transform ———A D (-—-B D =(AV B)) into
(mA A -B) D ~(AV B) by exploiting logical equivalences -———A = -Aand A D> (B> C)=(AAB) D C.

Below we list logical equivalences of propositional logic which are divided into three groups.

Commutativity and idempotence. A and V are commutative and idempotent. An implication A D A
is logically meaningless and reduces to T.

(Cl) AANB=BAA
(C2) AvB=BVA
(C3) ADB#BDOA
I AnA=A
(I2) AvA=A
(I3) ADA=T

Truth and falsehood. Each logical equivalence below deals with a proposition of the form T ¢ A, L ¢ A4,
A D T,orAD L whereg¢gis A, V,or D.
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(M1)
(M2)
(M3)
(M4)
(M5)
(M6)
(M7)
(M8)

TAA=A
TVA=T
TDODA=A
1ANA=1
1LvA=A
1DA=T
ADT=T
AD1=-A

Interaction between connectives. Each logical equivalence below deals with a proposition of the form

A¢p(BodC)or(A¢B) D Cwheregpis A, V,or D.

(L1)
(L2)
(L3)
(L4)
(L5)
(L6)
(L7)
(L8)
(L9)
(L10)
(L11)
(L12)

BAC)=(AAB)AC
BVC)=(AAB)V(AAC)

AN (
AN (
AAN(BDC)=?
AV (
AV (
AV (

BAC)=(AVB)A(AVO)

BvC)=(AvB)vC

B>(C)=7?
AD(BAC)=(ADB)A(ADCQO)
A>D(BvV(C)=?
AD(BD>C)=(AANB)DC
(ANB)DC=AD>(BD>C(C)
(AVB)DC=(ADC)AN(BDC(C)
(ADB)>C=7?

August 12, 2009

(associativity of A)
(distributivity of A over V)
(no interaction)
(distributivity of V over N)
(associativity of V)

(no interaction)
(distributivity of O over A)
(no interaction)

(no interaction)



10

August 12, 2009



Chapter 2

Proof Terms

This chapter presents an alternative formulation of propositional logic using the principle called the
Curry-Howard isomorphism [?]. As a principle connecting logic and programming languages, it states that
propositions in logic correspond to types in programming languages (propositions-as-types correspon-
dence) and that proofs in logic correspond to programs in programming languages (proofs-as-programs
correspondence). Thus, by applying the Curry-Howard isomorphism to a formulation of logic, we
systematically derive a formulation of a corresponding programming language. In the case of proposi-
tional logic, we obtain a basic definition of the simply-typed A-calculus.

The basic idea behind the Curry-Howard isomorphism is to represent a proof D of a truth judgment
A true as a proof term M of type A:

D
A true = M:A

That is, a typing judgment M : A expresses that a proof term M of type A is a (concise) representation of
a proof of A true. When M : A holds, we say that proof term M typechecks with type A. Note that A
can be interpreted both as a proposition and as a type, depending on the context in which it is used.

Under the correspondence between proofs and proof terms shown above, each inference rule for
deducing truth judgments is translated to a corresponding typing rule for deducing typing judgments;
by convention, a typing rule is given the same name as the inference rule from which it is derived:

R R

A true = M:A
Thus the typing rules for proof terms constitute another natural deduction system, in which an intro-
duction rule assigns to a proof term a type involving a particular connective whereas an elimination
rule uses such a proof term in its premise.

We may choose any syntax for proof terms as long as each proof term of type A provides all neces-
sary information to extract a corresponding proof of A true. Below we design proof terms according to
the syntax for the simply-typed A-calculus so as to emphasize the close connection between logic and
type theory. We use metavariables M, N, - - - for terms. Figure 2.1 shows all the typing rules for proof
terms in propositional logic where the set of proof terms is inductively defined as follows:

proof term M = x| (M,M)|fst M |snd M | z:A. M| M M |
inlga M |inra M | case M of inlx. M |inrz. M | () | abort4 M

Conjunction

Consider an application of the rule Al in which a proof D of A A B true is constructed from a proof D4
of A true and a proof Dp of B true. If proof terms M and N represent D4 and Dp, respectively, we
use a product term (M, N) of type A A B to represent D. Thus the rule Al is translated to the following
typing rule (of the same name):

A true B true M:A N:B

AnBiue N = GnnNy:an N
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We use projection terms fst M and snd M in translating the rule AE_ and AEg; fst and snd stand for ‘first
projection” and “second projection,” respectively:

AN B true M:AANB AN B true M:AANB
A true NEL e fstM: A NEL B true NEr e snd M : B NEr
Implication

Suppose that we wish to convert to a proof term a proof D of A O B true that applies the rule Dl to a
hypothetical proof £ of B true:

A true
&
’D .
B true .
A D B true ol

In order to build a proof term M representing £, we first need to assign a proof term to the hypothesis
Atrue . Since A true is just a hypothesis without a concrete proof, its corresponding proof term is also
unknown. Hence we represent Atrue " as a variable z, for which we can later substitute another proof
term (like we substitute a concrete proof of A true for the hypothesis A true “):

Atrue. <« z:A4

If M represents £, we use a A-abstraction A\x: A. M to represent D:

A true z: A

M: B
M:AM:ADB -

B true
A D B true

oI* I

We say that variable z is bound in the A-abstraction Az:A. M. Note that we may rename z to another

variable without changing the meaning of Az:A. M. For example, both Az:A. (z,z) and Ay: A. (y,y)

represent the same proof, since using a different label for the same hypothesis does not alter the struc-

ture of the proof. (Renaming a bound variable in a M-abstraction is commonly called a-conversion.)
Similarly to the rule Dl in propositional logic, the typing rule Dl restricts the scope of the hypothesis

2 : A to its premise. As a result, the hypothesis « : A is discharged when the rule Dl is applied, and
variable z in Az:A. M can be assigned type A only if it appears within M. For example, Az: A. z has

type A D A, but (Az: A. z, z) cannot be assigned a type and fails to typecheck. Also the hypothesis « : A
may be used not just once but as many times as necessary. Hence proof term M in Az : A. M may contain
any number of occurrences of variable z, as illustrated below:

y: A

x: B (not used in the proof) z:A z:A Al
Ay:Az:ADB lI z: A | (r,z) : ANA |
N By Az:Bo(ASB) ~  AtiAda:A>A  AxiA(nz): A (ANA) ©
(See Page 3 for proofs of corresponding truth judgments.)
As a proof term corresponding to the rule DE, we use a A-application M N:
A D B true AtrueDE M:ADB N:ADE
B true = MN:B

The following example uses the rule DE to typecheck Ax: A > B. Ay: A.z y:

r:ADB y:A

zy:B
ANy:Azy:ADB =
A:ADBMNy:Azxzy:(ADB)D(ADB)

DE
I

Dl
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Disjunction

As proof terms corresponding to the rule VI and VIg, we use injection terms inl 4 M and inr4 M; inl and
inr stand for “injection left” and ‘injection right,” respectively:

A true M:A B true M : B
VIL VIR

AV B true Vi = inlg M : AV B AV B true Vir infra M : AV B

We annotate an injection term inl4 M or inry M with a type A so that whenever M typechecks, the
whole injection term also typechecks with a unique type.
For the elimination rule \/E we use a case term case M of inl z. N | inr y. N'; as with the rule DI, we

represent hypotheses A true  and B true  in the premise as variables x and y:

Atrue” B true x: A y:B
: : — : :
AV B true C true C true oy M:AvB N:C N':C
C true VE” case M of inlz. N |inry. N : C VE

Variables = and y are bound in the case term case M of inl z. N | inr y. N’, and remain valid only within
N and N’, respectively. As an example, here is a proof term of type (AV B) D (B V A):

Y- y: A ik z:B
r:AVB inrpy:BVA inlg z: B\/A
case z of inly.inrg y | inrz.inly z: BV A

Ax:AV B.case z of inl y.inrg y |inr z.inly z: (AV B) D (BV A) -

Truth and falsehood

We use a unit term () as a proof term for T true:

Thae || = O:T T

Just like there is no logical content in T ¢rue, a unit term carries no useful information. As truth T has
no elimination rule, there is no more rule for ().

Since falsehood L has no introduction rule, there is no proof term for type L. For the elimination
rule LE, we use an abort term abortc M:

1 true 1E M: 1
C true A aborte M : C

1E

We annotate an abort term with a type C so that an unambiguous type can be assigned when M has
type L.
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z: A

M:A N:B M:AAB M:AAB M: B

N :AanB N A MR

AE M:AD>DB N:A
snd M :B 'R -

N AM - ASB - MN: B

z: A y:B

inlg M:AVB """ intaAM:AVB 'R case Mofinlz. N |inry. N : C

M: 1L
0:T " oo ar:c LE

Figure 2.1: Typing rules for proof terms in propositional logic
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Chapter 3

First-Order Logic

This chapter develops first-order logic, i.e., logic with universal and existential quantifications. Develop-
ing first-order logic is the first step toward a practical reasoning system which inevitably demands an
apparatus for expressing that a given property holds for all, or V, objects or that there exists, or 3, a certain
object satisfying a given property. Here we deal with pure first-order logic which does not stipulate a
particular class of objects. Later we will enrich it in such a way that we can express properties of specific
classes of objects such as natural numbers, trees, or boolean values.

3.1 Terms

In propositional logic, expressing properties of objects under consideration requires us to define propo-
sitional constants which denote atomic propositions. For example, in order to express that 1 is equal
to 1 itself, we would need a propositional constant Eg¢; denoting an atomic proposition ‘1 is equal to
1.” While logical connectives provide us with an elegant mechanism for reasoning about such atomic
propositions, the need for a separate propositional constant for each atomic proposition makes propo-
sitional logic too limited in its expressive power. For example, in order to express that every natural
number is equal to itself, we would have to define an infinite array of propositional constants Eq; de-
noting ‘i is equal to .’

First-order logic replaces propositional constants in propositional logic by predicates. A predicate
may have arguments and expresses a relation between its arguments. (For this reason, first-order logic
is also called predicate logic.) For example, we can define a predicate Eq so that Eq(¢;,t2) denotes a
proposition ‘t; is equal to t;.” Here the predicate Eq has two arguments ¢; and ¢, and expresses an
equality between ¢; and t;. The arguments ¢; and ¢, are called terms in first-order logic and may be
interpreted as particular mathematical objects (such as natural numbers). Thus first-order logic is a
system in which we use predicates to express properties of terms.

Note that first-order logic itself does not enforce a specific way of interpreting terms. As an example,
consider two terms 0 and s(0). As usual, we could interpret 0 as zero and s(0) as the successor of zero,
but such an interpretation is just a specific way of assigning mathematical objects to terms. Thus it is
also fine to interpret 0 as the natural number one and or s(0) as the predecessor of one. In general, we do
not formalize how to relate terms to mathematical objects, and first-order logic in our discussion (which
is based on proof theory) deals only with terms and not with their interpretations. Thus predicates
directly express properties of uninterpreted terms.

Formally we define terms as follows:

term t,s = x|y| - |alb| | fltr,c L) |
x,y,- - are called term variables which range over the set of all terms. We may substitute terms for term
variables and we write [s/z]t for the result of substituting s for x in t. a,b, - - - are called parameters and

denote arbitrary /unspecified terms about which we can make no assumption. The difference between
term variables and parameters is that a term variable is just a placeholder for another term whereas a
parameter is understood as an arbitrary term about which nothing is known. (We will see the use of
parameters in inference rules for first-order logic.)
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[ is called a function symbol and has zero or more arguments. We write f(¢1,- - , ¢,) for a term where
f is a function symbol of arity n and ¢4, - - -, t,, are its arguments. A constant c is a function symbol of
zero arity; that is, ¢ is an abbreviation of ¢(). Note that although it is usually interpreted as a function
in the mathematical sense, a function symbol f is not a function because f(t1,--- ,t,) is a term in itself
and does not reduce to another term. For example, s(0), which comprises of a function symbol s and
its argument 0, does not reduce to another term, say 1, because it is a term in itself.

Now we can define a set of terms by specifying function symbols with their arities. Here are a few
examples:

e To obtain terms for natural numbers, we use a constant 0 for zero and a function symbol s of arity
one to be interpreted as the successor function.

e To obtain terms for boolean values, we use two constants true and false.

e To obtain terms for binary trees, we use a constant leaf for leaf nodes and a function symbol node
of arity two for inner nodes.

Terms are not to be confused with proof terms. Terms can represent any kinds of objects (e.g., nat-
ural numbers, boolean values, student names, etc.) whereas proof terms represent proofs in logic. For
example, we can say that a proof term Az:A.x represents a proof of A O A, but it makes no sense to
judge the truth or falsehood of a term s(0).

3.2 Propositions in first-order logic

In addition to logical connectives from propositional logic, first-order logic uses predicates and two
forms of quantifications over terms. An inductive definition of propositions is given as follows:

proposition A = P(ty,---,tn)]| -+ |Vz.A|Ix.A
Alternatively we may use three new formation rules:
PE A prop A prop
P(ty,- - ,tn) prop Vx.A prop dz.A prop
P is called a predicate symbol. A predicate P(ty,--- ,t,) is a proposition that expresses a certain

relation between terms ty, - -, t,,. For example, we may use Nat(t) to mean that term ¢ is a natural
number, or Eq(t;,t2) to mean that terms ¢, and ¢; are equal. A propositional constant P is a predicate
symbol of zero arity; that is, P is an abbreviation of P().

V. A uses a universal quantifier V to introduce a term variable x. Roughly speaking, the truth of Vz.A
means that A is true for “every” term z. 3z.A uses an existential quantifier 3 to introduce a term variable
x. Roughly speaking, the truth of J2.4 means that we can present “some” term z for which A is true.
Quantifiers V and 3 have the lowest operator precedence. For example, V2.A D B is understood as
Vz.(A D B); similarly 3z.A D B is understood as 3z.(A D B).

As quantifiers introduce term variables, there arises a need for substitutions for term variables in
propositions or proofs. We write [t/x]A for the result of substituting ¢ for « in proposition A. Similarly
we write [t/x]D for the result of substituting ¢ for z throughout proof D. Extending substitutions for
term variables, we write [t/a]A and [t/a]D for the result of substituting ¢ for parameter a in A and D,
respectively. These substitutions for term variables and parameters are considerably simpler to define
than substitutions in the simply-typed A-calculus because variable captures never occur in first-order
logic. That is, in a substitution [¢/x]A or [t/z]D, term t is always closed and contains no free term
variables.

3.3 Universal quantification

A universal quantification Vx.A is true if A is true for every term z. For example, given that 0, s(0),
s(s(0)), - - - constitute the set of terms, we can deduce Vz. Eq(z, x) trueif Eq(0,0) true, Eq(s(0),s(0)) true,
Eq(s(s(0)),s(s(0))) true, - - - are all provable. Hence it helps to think of Vz.A as an infinite conjunction

[t1/x]A A [taf2]AN - A[ti/2]AN -
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where t1, to, - -+, t;, - - - enumerate all terms.
The inference rules for universal quantifications are given as follows:

la/x]A true @ Va.A true
Va.A true [t/x]A true

In the rule VI, parameter a denotes an arbitrary term about which we can make no assumption. Thus
we may read [a/z]A true as a shorthand for a sequence of judgments

[t1/z]A true [to/x]A true -+ [t;/x]A true

where t1, tg, - -+, t;, - - - enumerate all terms. In the rule VE, ¢ can be any term — a constant, a function
symbol, a term variable, or even an existing parameter. We justify the rule VE by reading Vz.A true as

[t1/x]A A [ta/x]AN -+ A[ti/T]AN -+ true

where t1, to, - -+, t;, - - - enumerate all terms.
It is important that in the rule VI, parameter a must be fresh and not found in any undischarged
hypothesis. For example, a proof of Vz.Nat(x) true introducing a fresh parameter ¢ must not contain

any hypothesis of the form P(a), which is an assumption on an arbitrary term about which we can
make no assumption! The presence of such a hypothesis implies that parameter a is already declared
elsewhere and thus cannot be interpreted as an arbitrary term. The following example, which tries to
prove that y is a natural number whenever 2 is a natural number, shows that using the same parameter
twice in difference instances of the rule VI results in a wrong proof:

Nat(a) truc”

Nat(a) D Nat(b) true
Vy.Nat(a) D Nat(y) true
Va.Vy.Nat(x) D Nat(y) true

VI (wrong)

Iw

v

Here is an example of a proof involving universal quantifiers where we exploit [a/z](AA B) =
[a/x)A A [a/x]B.

V2. A A B true V2. AN B true
[a/z](A A B) true [a/x](A A B) true
[a/x])A true - la/x]B true Er
Va.A true Va.B true Al
(Vz.A) A (Vx.B) true e

(Vx. AN B) D (Vx.A) A (Vx.B) true

3.4 Existential quantification

An existential quantification 3x. A is true if there exists a term x satisfying A. For example, if £¢(0, 0) true
is provable, we can deduce 3. Eq(z, z) because substituting a concrete term 0 for « makes Eq(z, x) true
provable. Hence it helps to think of 3x.4 as an infinite disjunction

[t1/x]AV [ta/x]AV -+« Ati/x]AV -

where t1, to, - -+, t;, - - - enumerate all terms.
The inference rules for existential quantifications are given as follows:

[a/x]) A true b

[t/x] A true dz. A true C true
dz. A true C true

E&w
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The rule 3l says that we prove Jz.A true by presenting a concrete term, or a witness, ¢ such that
[t/x] A true is provable. We justify the rule 3| by reading 3z.A true as

[t1/x]AV [ta/x]ANV - V [t;/T]AV - true

where t;, ta, -+, t;, --- enumerate all terms and ¢; = t holds. In the rule 3IE“", we annotate the

hypothesis [a/z]A true with label w. We also introduce a fresh parameter a because the witness for the
proof of dz.A true is unknown and thus we cannot make any assumption about it. Thus we may read

[a/x]) A true “
as a shorthand for a sequence of hypothetical proofs

C true

U

[t1/x])A true b [to/x] A true b [ti/x] A true 1

C true C true C true

where t1, to, - -+, t;, - - - enumerate all terms.

In the rule 3E“", parameter a must be fresh and not found in proposition A or any undischarged
hypothesis. In particular, it must not be found in proposition C. Otherwise the rule ends up with a
conclusion that makes too strong an assumption about the witness, namely that the witness can be an
arbitrary term! For example, the following proof exploits a proof of Jx.Nat(x) A Eq(x,0) true to draw
a (nonsensical) conclusion that an arbitrary term is equal to a natural number 0, as it allows parameter
a to appear in the conclusion:

: Nat(a) A Eq(a,0) true b
Jx.Nat(z) A Eq(x,0) true Eq(a,0) true
Eq(a,0) true

R
a,w

In essence, the rule 3E*" introduces parameter a in the course of proving C' true after fixing proposition
C, which implies that C is oblivious to a.

An important aspect of the rule 3l is that in order to prove 3x.A true, it is not enough to show that
there only “exists” a witness z satisfying A without actually knowing what it is. The necessity of such
a witness is indeed a distinguishing feature of constructive logic. In contrast, a proof of 3x.A true in
classical logic only needs to show that there exists a term ¢, which may or may not be known, such that
[t/x])A true is provable. In other words, a proof of Jz.A true essentially shows that it cannot happen
that there exists no term ¢ such that [t/z] A true is provable. As a consequence, 3z.A is no different from
—Vx.~A in classical logic.

To better understand the nature of existential quantifications in constructive logic, let us consider
a few examples. First do.~A D —Vx.A true is provable. Intuitively a proof of 3z.—A true gives us a
witness ¢ such that [t/z]—A true is provable, and we can use ¢ to refute Vz.A true.

Y Va.A true
[a/x]=A true  [a/x]A true
Jz.—A true 1 true gy B

1 true 2
—Vz.A true
Jdz.—A D —Vx.A true

IU}

The converse V. A D dx.—A true is not provable, however. Intuitively a proof of 3z.—A true requires
a witness ¢ such that [t/z]—A true is provable, but no proof of —=Vz.A true gives such a witness.

- w ?
—Vx.A true Va.A true
1 true

Jdz.—A true 1E
—-Vz.A D Jz.—A true

-E

Iw
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[a/x])A true b

la/z]A true Va.A true [t/x]A true Jz.A true C true

Va.A true [t/z]A true vE Jdz. A true Jl C true JE”

Figure 3.1: Natural deduction system for first-order logic

Perhaps surprisingly, (Va.A) O (3x.A) true is not provable. The reason is that although Vx.A true
states that [t /2] A true is provable for any term ¢, it does not decide a concrete term ¢ such that [t /2] A true
is provable. In particular, if the set of terms is empty, V. A true holds trivially (because there is no term),
but 3z. A true never holds because it is impossible to choose a term ¢ for z, regardless of proposition A.

VoA true
[t/x]A true?
Jx.A true
(Vz.A) D (Fz.A) true

oIv

On the other hand, Vy.(Vx.A) D (3x.A) true is provable even if y does not occur free in A. The difference
from the previous example is that Vy allows us to make an assumption that the set of terms is not empty.
In the proof shown below, parameter a denotes an arbitrary term in the set of terms, and its presence
implies that the set of terms is not empty.

e e— T

Va.A true

[a/x])A true
Jz. A true w

(Vz.A) D (Fz.A) true -

Vy.(Vz.A) D (Fz.A) true

These two examples illustrate that in constructive logic, Vx.A is not equivalent to A even if 2 does not
occur free in A at all: Vz.A asserts A on the assumption that the set of terms is not empty, whereas A
without a universal quantifier cannot exploit such an assumption.

Figure 3.1 shows the inference rules for first-order logic.

3.5 Examples

As a concrete example of reasoning in first-order logic, let us characterize natural numbers. We use
0 as a term denoting zero and s as a function symbol denoting the successor function. We also use
three predicates: Nat(t) to mean that ¢ is a natural number, Eq(¢,t') to mean that ¢ and ¢’ are equal, and
Lt(t, ') to mean that ¢ is less than t'.

First we need axioms as a means of defining the three predicates:

Zero Suce

Nat(0) true Va.Nat(x) D Nat(s(x)) true

— Eyg, E
Va.Eq(z, z) true e Ve Ny Vz.(Eq(x,y) A Eq(z,2)) D Eq(y, z) true o

ls

Va.Lt(z,s(x)) true Vo Vy.Eq(x,y) D ~Lt(z,y) true

The lower four axioms may be thought of as translations of the following mathematical properties:

e r=u.

e Ifr=yandz =z, theny = z.
o x <x—+1.

o Ifx =y, thenx £ y.
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Combined with these axioms, first-order logic allows us to prove new theorems about these pred-
icates. As a trivial example, here is a proof of Nat(s(s(0))) true, which states that s(s(0)) is a natural
number:

Va.Nat(x) D Nat(s(z)) true Suce
Vz.Nat(x) D Nat(s(x)) true Suce Nat(0) D Nat(s(0)) true v Nat(0) true Zero
Nat(s(0)) D Nat(s(s(0))) true Nat(s(0)) true E ~E

Nat(s(s(0))) true

Note that the two applications of the rule DE substitute different terms, namely s(0) and 0, for term
variable z in Vz.Nat(z) D Nat(s(z)).

An example of using an existential quantification is a proof of Vz. Nat(z) D (y.Nat(y) A Eq(z,y)) true
which states that if x is a natural number, there exists a natural number y such that 2 = y:

Nat(a) true Eq(a,a) true
Nat(a) A Eq(a, a) true
Jy.Nat(y) A Eq(a,y) true

Nat(a) D (Jy.Nat(y) A Eq(a,y)) true -
Vz.Nat(xz) D (Jy.Nat(y) A Eq(x,y)) true

z

In the application of the rule JI, we use parameter a as a witness.
Here are two more examples. The first states the commutativity of equality: = y implies y = «
The second states that there is no term x such that = 0 and = = 1.

e Proof of Va.Vy.Eq(x,y) D Eq(y, z) true:

Ve Ny Vz.(Eq(x,y) N Eq(z,2)) D Eq(y, z) true b

Yy Vz.(Eq(a,y) A Eq(a,z)) D Eq(y, z) true Va.Eq(z, z) true

Vz.(Eq(a,b) A Eq(a, z)) D Eq(b, z) true Eq(a,b) true Eq(a,a) true

(Eq(a,b) A\ Eq(a,a)) D Eq(b,a) true Eq(a,b) A Eq(a,a) true

Eq(b,a) true ~E

Eq(a,b) D Eq(b,a) true
Yy.Eq(a,y) D Eq(y,a) true
Va.Vy.Eq(z,y) D Eq(y,x) true

Eq;

IU/

vI°

|(1,

e Proof of =3x.Fq(x,0) A Eq(z,s(0)) true:

Lt
Va.Vy.Eq(x,y) D —Lt(x,y) true
Vy.Eq(0,y) D —Lt(0,y) true D

Eq(0,s(0)) D =Lt(0,s(0)) true Eq(0,s(0)) true Va.Lt(x,s(z)) true

—Lt(0,s(0)) true - Lt(0,s(0)) true

w

Jz.Eq(x,0) A Eq(x,s(0)) true 1 true
JE
L true
—3Jz.Eq(z,0) A Eq(z,s(0)) true

I’w

where we let

Va.VyVz.(Eq(z,y) A Eq(z, z)) D Fq(y, 2) true Ba.
Yy Vz.(Eq(a,y) A Eq(a, z)) D Eq(y, z) true
D = Vz.(Eq(a,0) A Eq(a, z)) D Eq(0, z) true
(Eq(a,0) A Eq(a,s(0))) D Eq(0,s(0)) true Eq(a,0) A Eq(a,s(0)) true
Eq(0,s(0)) true

z

DE
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3.6 Proof terms

As in propositional logic, we use the Curry-Howard isomorphism to represent proofs of truth judg-
ments as proof terms. Proof terms for first-order logic are given as follows:

proof term M = - |Az. M | Mt|{ M) |let (z,w)=Min M

Az. M, a proof term of type Vx.A4, is a A-abstraction that takes a term ¢ and returns a proof term of
type [t/z]A. (Recall that propositions and types are equivalent under the Curry-Howard isomorphism.)
It is similar to a A-abstraction from propositional logic except that it takes a term, instead of a proof
term, as its argument. For example, given a term ¢ (denoting a natural number), Az. M may return a
proof term of type Nat(t) D Nat(s(t)). A corresponding A-application M t is a proof term of type [t/x] A
if M is a proof term of type Vz.A.

The typing rules for A\x. M and M t are given as follows:

la/x]M : [a/xlA M Ve A o
o.M VoA 7 Mt:[t/z]A

Here we write [t/x]M for a substitution of term ¢ for term variable « in proof term M. The rule vI*
proves that Az. M has type Vz.A by introducing a fresh parameter a and proving that [a/z]M has type
[a/x]A. For example, a proof that Az. M has type Vz.Eq(z, z) could show that [a/x] M has type Eq(a, a)
for some parameter a. Note that in the rule VI, term a appears in both proof term M and type A. This
feature of first-order logic is manifested in the rule VE: terms may appear not only in types but also in
proof terms. Intuitively a proof about a specific term ¢ needs to mention ¢ somewhere in it. (Otherwise
how can we prove a fact about ¢ at all?) Hence a proof term whose type contains ¢ also mentions ¢
somewhere in it. For example, we could use Eq; 0 as a proof term of type Eq(0,0) where Eq; assumes
type Vz.Eq(x, z). As a consequence, a substitution [¢t/z]M on proof term M may need a substitution
[t/x]A on type A if x occurs inside A in M.

(t, M) is a proof term of type Jx.A. Intuitively a proof of 3x.A true requires a concrete witness ¢ and
a proof that ¢ satisfies A. Hence a proof term of type 3x.A contains such a witness ¢ and a proof term M
of type [t/z]A. For example, a proof term of type 3z.Eq(x, x) (“there exists a term z such that z is equal
to z itself”) may contain a witness 0 and a proof term of type £q(0,0) (0 is equal to 0). Thus we obtain
the following typing rule for (¢, M):

M :[t/z]A
(t, M) :3z.A

Given that M has type 32.4, a proof term let (x,w) = M in N decides the type of N after binding
x and w to a witness ¢ and a proof term of type [t/x]A, respectively. (Note that x is a term variable
whereas w is a variable ranging over proof terms.) Since such a witness is unknown in general (e.., if

M is a variable), we have to assume an arbitrary witness a and assign type [a/z]A to w. Accordingly
we replace x in N by a. Thus we obtain the following typing rule for let (x,w) = M in N:

w: [a/z]A

M :3z.A  [a/z]N:C
let (x,w) =M inN :C

JE

In practice, we may use the following typing rule with an extra assumption that z is a fresh term vari-
able:

w:A

M:3xz.A N:C
let (z,w)=MinN:C JE

Figure 3.2 shows all the typing rules for proof terms in first-order logic.
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w: [a/x]A

0/alM:[afalA . MiveA Mt/ M:Jed  [ofaN:C

Ax. M :Vx.A Mt:[t/z]A VE (t,M):3z.A let (x,w) =M inN:C

JE®

Figure 3.2: Typing rules for proof terms in first-order logic

3.7 Examples of proof terms

This section rewrites all the proofs in Section 3.5 using proof terms. First we need constant proof terms
for axioms:

Nato : Nat(0) Zero Nats : Va.Nat(x) D Nat(s(x)) Suce

S E
Eqi : Vo.Eq(z, x) 1 Eq: : Vo.Vy.Vz.(Eq(z,y) A Eq(x, 2)) D Eq(y, 2) o
Lt

Lt
Lt : Va.Lt(z,s(z)) —~° Lt : Va.Vy.Eq(x,y) D ~Li(z,y)

The proof of Nat(s(s(0))) true corresponds to a proof term Nats s(0) (Nats 0 Natg) as shown in the
following derivation tree:

Natg : Vz.Nat(z) D Nat(s(z)) Suce

Nat, : Va. Nat(z) 5 Nat(s(@)) " Nat, 0: Nat(0) > Nat(s(0)) Nato : Nai(0) 27
Nat, (0) : Na#(s(0)) > Nat(s(s(0))) Nat. 0 Nato : Nat(s(0)) ~E
Nats s(0) (Nat, 0 Nato) : Nat(s(s(0))) -k

In the same fashion, we obtain the following proof terms:

e Proof term of type Vx.Nat(z) D (Jy.Nat(y) A Eq(z,y)):

Eqi : Vz.Eq(x, x) B
z: Nat(a) Eqia: Eq(a,a)
(2, Eqi a) : Nat(a) A Eq(a,a)

(a, (z,Eqi a)) : Jy.Nat(y) A Eq(a,y) o
Az:Nat(a). (a, (2, Eqi a)) : Nat(a) D (Jy.Nat(y) A Eq(a,y)) v
Az. Az: Nat(x). (x, (z,Eqi x)) : Vo.Nat(z) D (3y.Nat(y) A Eq(z,y))
)

Al

e Proof term of type Va.Vy.Eq(z,y) D Eq(y, x):

E
Eqe : Va.Vy.Vz.(Eq(z,y) A Bq(z.2) O Eq(y.2) "

- F
Eqe a : Vy.Vz.(Eq(a,y) A Eq(a,2)) D Eq(y, z) Eqi : Va.Eq(z, x)
Eqi a b: Vz.(Eq(a,b) A Eq(a, z)) D Eq(b, z) w: Eq(a,b) Eqgia: Eq(a,a)
Eqi aba: (Eq(a,b) A Eq(a,a)) D Eq(b,a) (w,Eq; a) : Eq(a,b) A Eq(a,a)

Eqiaba (w,Eqia) : Eq(b,a) o
Aw: Fq(a,b).Eqraba (w,Eq; a) : Fq(a,b) D Eq(b,a) - .
Ny Mw: Eqla, ). Eqr a y a (w, Eq; a) : Vy.Eq(a, y) > Bq(y,a) * |3
Az. Ay. Aw: Eq(z,y). Eqr z y « (w, Eq; @) : Va.Vy.Eq(z,y) D Eq(y,x)
e Proof term of type —3z.Eq(z, 0) A Eq(x,s(0)):

£ Lts : V. Lt(z,s(x)) Lts
(Lt- 0s(0)) (Eq: a 0s(0) 2) : ~Lt(0,s(0)) Lts 0: Lt(0,s(0))
w : Jx.Eq(x,0) A Eq(x,s(0)) (Lt~ 0s(0)) (Eq: a 0s(0) 2) (Lts 0) : L B
let (x, z) = win (Lt- 0s(0)) (Eq: z 0s(0) z) (Lt; 0) : L
Aw:3z.Eq(z,0) A Eq(z,s(0)). let (z,z) = win (Lt 0s(0)) (Eq: 0 s(0) z) (Lts 0) :

EIL

_‘I'LU

—3z.Eq(z,0) A Eq(z,s(0))
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where we let

where we let

Lt
Lt- : Va.Vy.Eq(x,y) D - Lt(x,y)

Lt- 0 : Vy.Eq(0,y) D —Lt(0,y)
Lt- 0s(0) : Eq(0,s(0)) D —~Lt(0,s(0)

D
Eq: a 0s(0) z : Eq(0,s(0))

)
(Lt- 0s(0)) (Eq: a 0s(0) 2) : ~Lt(0,s(0))

E
Eq: : Va.Vy.Vz.(Eq(z,y) A Eq(z,2)) D Eq(y, z) @

Eq: a : Yy.Vz.(Eq(a,y) A Eq(a,z)) D Eq(y, z)
Eqi a 0 : Vz.(Eq(a,0) A Eq(a, z)) D Eq(0, z)

DE

Eq: a 0s(0) : (Fq(a,0) A Eq(a,s(0))) D Eq(0,s(0))

z: Eq(a,0) A Eq(a,s(0))
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Chapter 4

Datatypes

In pure first-order logic, term variables are assumed to range over all kinds of terms and their domains
are left unspecified. Hence we can restrict the domain of a term variable only indirectly by using a
predicate corresponding to a particular domain. For example, we may use a predicate Nat(x) to specify
that = ranges over natural numbers, as in:

Vz.Nat(z) D A
Jz.Nat(z) AN A

This chapter develops first-order logic with datatypes which explicitly specifies the domain of each
term variable bound by a quantifier V or 3. We write Vo € 7.A and 3z € 7. A to specify that term variable
in proposition A ranges over datatype 7. For example, the above two propositions can now be concisely

written as
Vx€nat.A

Jdrenat. A

where nat is a datatype for natural numbers.
The main judgment for first-order logic with datatypesist € 7:

ter & termt has datatype T

As in propositional logic and pure first-order logic, we base the development of datatypes on natural
deduction. For example, each datatype 7 is accompanied by introduction and elimination rules for
deducing and exploiting judgments ¢ € 7. We use metavariables 7 and o for datatypes, and ¢ and s for
terms.

From this chapter on, we adopt a new notation A(z) to mean that proposition A contains term vari-
able z, as in Vz € nat.A(x) and 3z € nat.A(x). Accordingly A(t) stands for A in which every occurrence
of x has been replaced by ¢. That is, we have A(t) = [t/z]A.

4.1 Basic constructors for datatypes

Before we consider concrete datatypes such as bool for boolean values and nat for natural numbers,
we develop basic constructors for datatypes to obtain a general language similar to the simply-typed
A-calculus:

datatype 7 == .- |7—7 |7 X7 |7+7|unit|void

We call 7 — o a function type, 7 X ¢ a product type, 7+0c a sum type, unit a unit type, and void a void
type. We will use terms of these datatypes as programs for manipulating ordinary terms of such con-
crete datatypes. For example, we use a term of datatype nat— bool as a function mapping natural
numbers to boolean values, and a term of datatype nat x nat to carry a pair of natural numbers. We
assume that —, x,+ are all right-associative.

The basic constructors for datatypes have their counterparts in the simply-typed A-calculus as fol-
lows:

datatype | — x + unit void
type > AN VvV T 4
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tetT—0o sET teT seo teTXo teTXxXo

teo
X
M eT.teET—0 tseo —E (t,s) eTxo fstter sndte€o

TET yert

ter+1 sco s'eo

/
teT teco |
inl, tet+o L inr,teTVo R casetof inlz.s|inry.s' € o
. t € void .
T — tlh ——
() € unit UMt abort, te 7 voidE

Figure 4.1: Typing rules for terms

For example, function types of the form 7 — ¢ correspond to types of the form A O B. Terms for these
datatypes also have their counterparts in the simply-typed A-calculus. For example, as we use a A-
abstraction A\xz: A. M as a proof term of type A O BB, we use another form of A-abstraction Az € 7.t as a
term of datatype 7—o. The definition of terms reuses the syntax for proof terms in the simply-typed
A-calculus with a few cosmetic changes:

term ¢t = .- | Az eTr.t|tt|(tt)|fstt|sndt]|inl, ¢t |inr, t|casetof inlz.¢|inr .t |
() | abort, t

Figure 4.1 shows the typing rules for terms, all of which are obtained in an analogous way to the
typing rules for the simply-typed A-calculus in Figure 2.1.

Since the typing rules are all based on the principle of natural deduction, we obtain so called (-
reductions and n-expansions of terms defined as follows:

(Arert)s =3 |[s/x]t
fst (t,s) ==p ¢
snd (t,s) =3 s
caseinl, tofinlx.s |inry. s =5 [t/x]s
caseinrp tofinlz.s |inry. s’ =53 [t/y]s
tetT—o =, METtT (x is not free in t)
tetxo =, (fstt,sndt)
tet+o0 =, casetofinlz.inl, z|inry.inr; y
teuit =, ()
t€void =, abort,jgt

Here [s/z]t, similar to [N/z] M, denotes a capture-avoiding substitution of s for = in ¢t. With §-reductions
and n-expansions available, these terms constitute a general language of their own.

4.2 Natural deduction for datatypes

We now consider two concrete datatypes bool for boolean values and nat for natural numbers. Again
we explain the meaning of judgments ¢ € bool and ¢ € nat using the principle of natural deduction. For
example, an introduction rule for bool specifies how to deduce a new judgment ¢ € bool whereas an
elimination rule for bool specifies how to exploit an existing judgment ¢ € bool. Usually we first design
introduction rules according to the intuition behind a given datatype and then derive elimination rules
from these introduction rules. In fact, elimination rules for a datatype can be automatically derived
from its introduction rules as long as terms of the datatype are defined inductively.
Let us consider datatype bool for boolean values:

datatype 7 == --- |bool
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As a boolean value allows us to choose one of two different options, we associate with datatype bool
two terms, true and false, indicating which option to choose:

booll; booll¢

true € bool false € bool

Suppose now that we have a judgment ¢ € bool that we wish to exploit in deducing another judgment.
Since it is in general unknown whether ¢ is equivalent to true or false, we provide for both possibilities
using a term matching ¢ with true and false in turn:

tebool t1 €T theT
caset of true = t; |false = t; € T

boolE

Note that although the rule boolE eliminates a term of datatype bool, the term in its conclusion may
have a different datatype 7.

We choose to abbreviate case ¢t of true = t; | false = ty as if ¢t then t; else ¢t familiar from
programming languages. Thus we obtain the following definition of terms for datatype bool:

term ¢ = .- |true|false|if t thentelset

For datatype bool, we obtain the following §-reductions and n-expansion:

if true then t; else ¢, =3 t1
if false then ¢, else o =3 to
t € bool =y if ¢t then true else false

Here are a few examples of functions manipulating boolean values. and and or compute the logical
conjunction and disjunction, respectively, of two boolean values. not computes the logical negation of
a boolean value.

and € bool— bool— bool and = Az € bool. A\y € bool.if x then y else false
or € bool— bool— bool or = Ax € bool. A\y € bool.if = then true else y
not € bool— bool not = Ax € bool.if x then false else true

Datatype nat defines a natural number as either zero 0 or a successor s(t) of another natural number

datatype 7 == ---|nat

t € nat

—=—""— natl
s(t) € nat °

—— natl
0 € nat 0

The elimination rule is similar to the rule boolE and considers two cases for a given term ¢ of datatype
nat: when ¢ matches zero and when ¢ matches a successor of another natural number. The difference is
that in the second case, the elimination rule binds a term variable, say z, to the predecessor of ¢ which
is unknown in general. Thus the elimination rule for datatype nat uses a hypothesis of = € nat:

T € nat

tecnat toerT ts €T

E
casetof 0 =ty | s(z) = ts €7 nat

Here 2 is a local term variable whose scope is restricted to ¢, and we may rename it whenever necessary.
Thus we obtain the following definition of terms for datatype nat:

term ¢ = ---]0]|s(t)|casetof 0=t |s(x)=1

We use the following (-reductions and n-expansion for datatype nat:

case 0 of 0 =ty | s(z) = ts =3 to
cases(t) of 0 =ty | s(z) =t =3 [t/x]ts
t € nat ==, casetof 0 = 0| s(z) = s(z)

August 12, 2009 27



Now we can define various functions returning different results depending on whether a given
natural number is zero or not. For example, we define a function returning the predecessor of a given
natural number as follows:

pred € nat—nat pred = Ax € nat.casexz of 0 = 0|s(y) = vy
The extent to which we define such functions is limited, however, because we have no machinery for
defining recursive functions. For example, the following definition of a function doubling a given nat-
ural number is not valid because double in the body of the A-abstraction is a free term variable whose
definition is still incomplete:

double € nat— nat double = Az € nat.case x of 0 = 0| s(y) = s(s(double y))

In the next section, we revise the rule natE so that we can define recursive functions over natural
numbers. Instead of a general form of recursion, we base the rule natE on primitive recursion which guar-
antees that every recursive call eventually terminates. Not every recursive function is definable with
primitive recursion (e.g., the Ackermann function), but in the study of first-order logic with datatypes,
we seldom need such recursive functions.

4.3 Primitive recursion

The revised rule natE based on primitive recursion is another elimination rule for datatype nat:

xE€nat f(z)er

tenat thoerT tséT
rec f(t)of f(0) = to | f(s(x)) = ts €T

natE

We may think of rec f(t) of f(0) = to | f(s(z)) = t; as a primitive recursive function f applied to ¢. In
the base case where ¢ is 0, we take t;. Hence ¢; is not permitted to make a recursive call to f. In the
recursive case where ¢ matches s(z), we take ;. Inside ¢5, we use x to denote the predecessor of ¢ and
f(O) =ty
f(s(z)) =t

It is important that ¢s may contain a recursive call to f, but only with = as its argument. For example,
such terms as f(pred x) and f(s(0))) are disallowed in ¢,. This syntactic restriction is the characteristic
feature of primitive recursion which prohibits an infinite sequence of recursive calls and thus guarantees
that a primitive recursive function always terminates regardless of its actual argument. Since every
recursive call to f within ¢, always takes x as its argument, we regard f(z) as not an application but a
term variable in itself.

Note that if ¢, contains no recursive call to f, the whole term rec f(¢) of f(0) = ¢ | f(s(x)) = ts
simplifies to case t of 0 = ¢y | s(x) = t,. Since the previous rule natE is a special case of the revised
rule natE, we revise the definition of terms for datatype nat as follows:

f(z) to denote a recursive call to f. Sometimes we write rec f(t) of { for visual clarity.

term ¢ = ---|0]|s(t)]|rec f(t)of f(0)=1t]| f(s(x)) =t
The (-reductions and n-expansion for datatype nat are given as follows:

rec f(0) of f(0) =to | f(s(x)) =ts =5  to

rec f(s(t)) of f(0) = to | f(s(z)) = ts =5  [rec f(t)of f(0) = to | f(s(x)) = ts/f(2)][t/x]ts
t € nat =, rec f(t) of f(0) = 0] f(s(x)) = s(z)

In the first B-reduction, the left term reduces to ¢y because the argument to f is 0. In the second
B-reduction where the argument s(¢) matches s(z), we apply an equality = ¢ throughout ¢, by replac-

ing zby t and f(z) by a term denoting a call to f with an argument of ¢, namely rec f(¢) of f(0) = to | f(s(x)) = t..
The n-expansion does not involve a recursive call.
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Now we can define a wide range of recursive functions. For example, we specify a function double
doubling a given natural number as follows:

double0 = 0
double s(x) = s(s(double x))

The above specification translates to the following definition:

double € nat— nat
double = Az € nat.rec d(x) of d(0) = 0 | d(s(y)) = s(s(d(y)))

The following sequence of S-reductions (which are applied to subterms when necessary) shows that
double s(0) reduces to s(s(0)):

double s(0) =3 recd(s(0))of d(0) = 0|d(s(y)) = s(s(d(y)))
=5 s(s(recd(0) of d(0) = 0 [ d(s(y)) = s(s(d(y)))))
=5 s(s(0))

As another example, we specify and define a function plus adding two natural numbers as follows:

plus0y = y
pluss(x)y = s(pluszy)

plus € nat— nat— nat
plus = Az € nat. \y € nat.rec p(z) of p(0) = y | p(s(z)) = s(p(2))

The following sequence of 3-reductions shows that s(0) and ¢ add to s(t):

pluss(0)t =5 (\y € nat.rec p(s(0)) of p(0) = y | p(s(2)) = s(p(2))) t
=53 recp(s(0)) of p(0) =t | p(s(2)) = s(p(2))
=5 s(recp(0) of p(0) =t | p(s(z)) = s(p(2)))
=5 s(t)

Alternatively we may define plus in such a way that it recurses over the first argument x before
taking the second argument y:

plus = Az € nat.rec p(z) of p(0) = Ay € nat.y | p(s(z)) = Ay € nat.s(p(z) y)

In this case, the reduction of plus s(0) t requires one more step:

p(0) = Ay € nat.y )
s(2)) :>(/\?)J S n;t s(p(2) y)

= Ay € nat.y
=3 M€ nat.s((recp(O { p(s(2)) = Ay € nat. s(p(2) y) > y)t
0) = \y € nat.y ) )
s(z)) = Ay € nat.s(p(z) y)

puss(O)t = (recpls(o) of { 1
)of

=5 s(<recp(0) of {zg

=3 s((A\y €nat.y) t)
=3 s(t)

It is important to note that we have derived, as opposed to designed, the rule natE from the inductive
definition of terms for datatype nat. In general, once we design introduction rules for a datatype so
as to obtain an inductive definition of terms, the principle of primitive recursion determines a unique
elimination rule. Below we consider another example of a datatype in order to further elucidate the
process of deriving an elimination rule from introduction rules.

We use list T as a datatype for lists of terms of datatype 7:

datatype 7 = ---|listT

We use nil” for an empty list of datatype list 7 and ¢ :: s for a list consisting of a head element ¢ and a

tail list s: )
ter selistr i

listl istl.

nil” € list 7 " t:selistt
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From these introduction rules, we derive the following elimination rule based on primitive recursion:

zeT lelistt f(l)eo

telistt s, €0 Sc €T
rec f(t) of f(nil) = s, | f(x=])=>s. €0

listE

The first branch, corresponding to the rule listl,, uses no term variable because nil” has no subterm.
In the second branch, we use two term variables x and [ because the rule listl. uses two terms in its
premise. As in the rule natE, we treat f(/) as a term variable. Thus we obtain the following definition
of terms for datatype list 7:

term ¢ = - |nil" [¢:t|rec f(¢)of f(nil) =t | f(xx) =t
The derivation of the g-reductions and n-expansion is also similar to the case of datatype nat:

rec f(nil") of f(nil) = s, | f(x 2 1) = 5. =3 $n
rec f(t::t')of f(nil) = s, | f(z 1) = s. == [rec f(t')of f(nil) = s, | f(z 1) = s./f(D]['/1[t/z]se
telistt =, rec f(t)of f(nil) = nil" | f(z =)=z 1

As examples of recursive functions over lists, we define a function append concatenating two lists
and another function length calculating the length of a list:

append nil™ t = ¢
append (xz :: 1)t = x:: (appendlt)

append € list T—list T—list T
append = Ay € list 7. Az € list T.rec f(y) of f(nil) = z | f(z 1) = z 2 f(I)

length nil™ = 0
length (x :: 1) = s(lengthl)

length € list T— nat
length = Ay € list 7.rec f(y) of f(nil) = 0] f(x 1) = s(f())

4.4 First-order logic with datatypes

So far, we have designed a system for creating terms and specifying their datatypes. As our study fo-
cuses on logic rather than programming languages, we are ultimately interested in proving properties
of terms rather than in manipulating terms. For example, the goal of designing a system for natu-
ral numbers is not to demonstrate how to multiply two natural numbers, but to formally prove such
properties as that every non-zero natural number is a product of two prime numbers.

In order to state, let alone prove, interesting properties of terms, we need appropriate predicates. For
example, we may need a predicate LT (m, n) to state that a natural number m is less than another natural
number n. We also need universal and existential quantifications so as to express that a property holds
for all terms of a specific datatype, or that there exists a certain term satisfying a given property. For
example, we may use Vz € nat. LT (z, s(x)) to state that for every natural number is less than its successor,
or 3z €nat. LT (z,s(0)) to state that there exists a natural number less than one. Then constructing proofs
of judgments Vz € nat. LT (z, s(z)) true and 3z € nat. LT (z,s(0)) true amounts to formally proving these
properties.

Before we investigate how to define predicates, we consider universal and existential quantifications
in the presence of datatypes. The development is similar to the case of pure first-order logic except that
we now specify the datatype for each term variable.

The inductive definition of propositions is extended as follows:

proposition A = ... |Vzer.A(z)|JreT.Alx)
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Figure 4.2: Natural deduction system for first-order logic with datatypes

TET
M : A(x) | M :VrerAlx) ter £
Ax €. M :Veer. A(x) v Mt: At) v
reT w:A(zx)
ter M:A() M :3zer. A(z) N:C
(t, M) : Jxet.A(z) ! let (x,w) =M inN :C JE

Figure 4.3: Typing rules for proof terms in first-order logic with datatypes

The formation rules for Vx € 7.A and Jx € 7. A use a hypothesis of z € 7:

reT rTeT
A(x) prop A(x) prop
VaxeT.A(x) prop JreT.A(x) prop

As we may freely rename z in Vx € 7.A(x) and 3z € 7. A(x) to a different term variable, we assume that
term variables declared in universal and existential quantifications are all distinct.

Figure 4.2 shows the inference rules for first-order logic with datatypes. These inference rules have
two important differences from those in pure first-order logic. First the rules VI and JE no longer replace
a term variable z by a fresh parameter a as in [a/x]A true, but use a hypothesis of = € 7 specifying the
datatype for z. Second the rules VE and 3l require a separate judgment ¢ € 7.

The rule VI resembles the rule DI in that it uses a hypothesis whose scope is local to the premise.
The difference from the rule Dl is that the meaning of proposition A(z) in the premise is dependent on
the meaning of term variable z in the hypothesis. In contrast, in the rule DI for proving A O B true, the
meaning of proposition B is independent of the meaning of proposition A. Hence, if we collapse the
distinction between types and datatypes and use « € A instead of « : A, an implication A O B becomes
a special case of a universal quantification Vo € A. B where B contains no occurrence of z. Then the rule
DOE also becomes a special case of the rule VE.

Proof terms are the same as in pure first-order logic except that we use A-abstractions that explicitly
specify the datatype of term variables:

proofterm M = - |dzxer. M| Mt|{ M)|let(z,w)=MinM

Figure 4.3 shows the typing rules for these proof terms. The typing rules VI and VE show that it is no
coincidence that we use A-abstractions and A-applications as proofs terms for universal quantifications
as well as for implications, since implications are essentially a special case of universal quantifications.
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Here are a few examples of proof terms whose types involve universal or existential quantifications:

e A proof term of type (Vxe7.A(x) A B(x)) D VeerT.A(z) is
Az:Vrer. A(x) A B(z). \x € T.fst (2 x).

Note that 2 is a variable whereas z is a term variable.

e A proof term of type (3x €. A(z) V B(z)) D ((Fxer.A(z)) vV (IreT.B(z))) is

Az:JxeT.A(x) V B(x). let (x,w) = zin case w of inl y1.inl5, ¢ - B(z) (2, y1) | inr yo.iNr3z ¢ - A (T,92).

e A proof term of type ((Fze1.A(z)) V Bz e 7.B(x))) D (3re1.A(z) vV B(z)) is

Az:(FzeT.A(z)) V (3xeT.B(x)).
case z of inl yy. let (z,w) = y1 in (x,inlg) w) |inrys.let (z,w) = yz in (x,inr 40z w)

The (-reduction and n-expansion for universal and existential quantifications are given as follows:

Aer. M)t =3 [t/x)M
M :Vrxert.A(z) =, ArerT.Mx (x is not free in M)

let (x,w) = (t, M) in N =3 [M/w][t/z]N
M :3zxer.A(x) ==, let (x,w) = M in (z,w)

4.5 Natural deduction for predicates

We now investigate how to define predicates on terms. As with all the logical connectives in first-order
logic, we base the definition of every predicate on the principle of natural deduction. That is, we use an
introduction rule to deduce a new judgment involving the predicate, and an elimination rule to exploit
an existing judgment involving the predicate. Moreover, as in the definition of such datatypes as bool
and nat, we first design introduction rules to characterize the predicate and then derive elimination rules
from these introduction rules.

As a running example, we define a predicate LT (m,n) to mean a natural number m is less than
another natural number n. We abbreviate LT (m,n) as m < n.

proposition A = .- |m<n
The formation rule for m < n requires both m and n to be of datatype nat:

m € nat n € nat
m < n prop

<F

By the rule <F, every judgment m < n true implicitly assumes that both m and n are of datatype nat.
We use the following introduction rules:

<1 m < ntrue
0 <s(n) true ~° s(m) < s(n) true

ls

The rule <ly states that 0 is less than the successor of any natural number; the rule <l states that
proving s(m) < s(n) true reduces to proving m < n true. Now the two introduction rules determine a
unique meaning for < which is a comparison relation applicable to any pair of natural numbers. If we
choose to include the rule < Iy but omit < I, we obtain a different but still valid meaning for < which is
a relation testing whether a given natural number is greater than zero or not. Thus the two introduction
rules provide just a specific way to characterize <, which can be defined in many different ways.

In order to derive elimination rules, we consider four possible cases of the judgment m < n true:

e 0 < 0 true is impossible to prove. The corresponding elimination rule may deduce any judgment
C true.
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e s(m) < 0 true is impossible to prove. The corresponding elimination rule may deduce any judg-
ment C true.

e 0 < s(n) true holds trivially by the rule <l, whose premise is empty. Hence there is no corre-
sponding elimination rule.

e s(m) < s(n) true holds by the rule <l; whose premise is m < n true. Thus the corresponding
elimination rule deduces m < n true.

We combine the first two cases to obtain a single elimination rule:

s(m) < s(n) true
m < n true

m < 0 true
C true

<Eg

1)

Note that the rules <l and <E,, which have < in both the conclusion and the premise, do not
destroy the orthogonality of the system because < is not a logical connective but a predicate. If < were
a logical connective, we lose the orthogonality of the system because we explain the meaning of < using
< itself.

Here are two examples of proofs using the rules for <:

— <o m < 0 true
0 < s(0) true L true 0

s(0) < s(s(0)) true <l —(m < 0) true K

We can also represent a proof of m < n true as a proof term of type m < n. Note that we refer to
m < n as a “type,” which is nothing strange because propositions and types are equivalent under the
Curry-Howard isomorphism. We use the following definition of proof terms each of which corresponds
to an inference rule as shown below:

proof term M u= .- |ltly | Itls(AL) | tEo(M) | REs(M)

M:m<n < M:m<O0
ltls(M) :s(m) < s(n) ~° [tEo(M) : C

Here are proof terms of types s(0) < s(s(0)) and —(m < 0):

<|o <E0

Itly : 0 < S(TL)

z:m<0
|tE0(Z) : L
Az:m < 0.1tEg(2) : =(m < 0)

<lg <Eq

Itlh : 0 < S(O)
Itls(Itlp) : s(0) < s(s(0))

<l Dl

As another example, we consider a predicate EQ(m, n) to mean that natural numbers m and n are
equal. We abbreviate EQ(m,n) as m =y n.

proposition A = ---|m=yn

mé&enat n€nat _ =
m =N nprop N

Note that m =y n, which says that m and n represent the same natural number, is different from m = n,
which says that m and n are syntactically identical.
Similarly to the predicate m < n, we use two introduction rules:

m =N n true

ZNlo :le

0 =n O true s(m) =n s(n) true
From these introduction rules, we derive the following elimination rules:

0 = s(n) true s(m) =n 0 true e s(m) =n s(n) true
C true TN C true TNESO

=NE
m =N n true NEs

There is no elimination rule for 0 =y 0 ¢rue because the premise of the rule =yl is empty.

August 12, 2009 33



We use the following definition of proof terms for the predicate m =y n:
proofterm M == --- |eqly|eqls(M) | eqEos(M) | eqEso(M) | eqEs(M)
o M:m=nn
eqlo:0=n0 MO eqls(M) :s(m) =y s(n)

M:0=ns(n) M:s(m)=n0 E M :s(m) =y s(n)
eqEos(M) : C NS eqEso(M) : C TNEs0 eqEs(M) :m =nn

:le

:NES

Now that we have a couple of predicates, we may attempt to prove interesting properties of natural
numbers in conjunction with universal and existential quantifications. For example, we may attempt to
prove that for any natural number z, there exists a natural number y such that z < y, for example, by
choosing y = s(z). A formal proof of Vx € nat. 3y € nat.z < y true, however, is not so simple:

T € nat 777
s(x) € nat * x < s(w) true
Jy€nat.x < y true
Vz €nat.dy €nat.x < y true

In fact, we cannot prove even such a simple judgment Vx € nat.x =y z. Intuitively we have to prove an
infinite number of judgments 0 =y 0, s(0) =y s(0), s(s(0)) =n s(s(0)), and so on, but we do not have a
mechanism by which we represent all these proofs as a single proof of finite size.

In the next section, we introduce yet another form of elimination rule for datatypes which provides
such a mechanism.

4.6 Induction on terms

Suppose that we wish to prove A(z) true for every boolean value z. Since there are only two terms
true and false, it suffices to prove A(true) true and A(false) true separately, which is expressed in the
following elimination rule for datatype bool:

t € bool A(true) true A(false) true
A(t) true

boolE;

Note that unlike the previous elimination rule boolE which deduces only a judgment of the form s € 7,
the rule boolE; exploits a proof of ¢t € bool to deduce ajudgment A(t) true where A(t) can be any propo-
sition involving ¢. Thus we have derived a new form of elimination rule which connects different forms
of judgments.

Now suppose that we wish to prove A(x) true for every natural number z. Since there are an infinite
sequence of natural numbers, a naive approach similar to the case of datatype bool would be clearly
infeasible:

t enat A(0) true A(s(0)) true A(s(s(0))) true

A(t) true

natE;

Thus we are led to derive an elimination rule that allows mathematical induction on natural num-
bers inside a proof. Specifically it needs to show that A(0) true holds and that an induction hypothesis
A(z) true implies A(s(z)) true:

x €Enat  A(z) true v

t € nat  A(0) true A(s(x)) true
A(t) true

u(x)

natk;

The second premise states that A(x) true holds for z = 0, and corresponds to the base case in mathe-
matical induction. The third premise states that a hypothesis of A(x) true (with label u(x)) leads to a
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proof of A(s(z)) true, and corresponds to the inductive case in mathematical induction. Hence the sec-
ond and third premises constitute a valid proof of A(x) ¢rue for every natural number x. Note that the
first premise just provides a specific natural number ¢ which is to be substituted for z in A(x) true and
is thus not essential in completing a proof by mathematical induction. Often ¢ is just a term variable, in
which case it is called an induction variable.

Using the new elimination rule, we can now complete the proof of Vx € nat.3dy € nat.z < y true. In

the proof shown below, we use z as an induction variable and let A(z) = = < s(z) in the rule natE}‘(m):
—u(x)
| x < s(z) true
— <
Z € nat = €nat 0 <s(0) true 0 s(z) < s(s(x)) true
s(x) € nat natls

<l

S
natE}L(w)

x < s(z) true

Jy€nat.x <y true
Vz €nat.dy €nat.x <y true

v

Generalizing the case of datatype nat, we can derive from the definition of a datatype, or from its
introduction rules, an elimination rule that is based on induction on terms and builds inductive proofs
on terms. For example, the definition of datatype list 7 results in the following elimination rule:

. u(l
xeT lelistr A(l)true()

telistt Amil™) true Az 2 1) true
A(t) true

IistE’IL(l)

We can also devise proof terms for the new elimination rules. For example, we use the following
proof term for the rule natE;:

proof term M = ---|indu(t) of u(0) = M | u(s(z)) = N
x €nat  wu(x): A(z)

fenat M:A(0) N: A(s(z))
ind u(t) of u(0) = M | u(s(z)) = N : A(?)

natE;

We can think of ind u(t) of u(0) = M | u(s(z)) = N as an inductive function u applied to t. If N does not
use u(z), it degenerates to a case analysis construct and may be written as case t of 0 = M | s(z) = N:

proofterm M = ---|casetof 0= M |s(z)= N

T € nat

tenat M:A®0) N:A(s(z))
casetof 0 = M |s(x) = N : A(t)

natE;

As an example, here is a proof term of type Vx €nat.3y enat.z < y:

“lo u(z) : x < s(x)
T € nat x €nat ltlp: 0 < s(0) ltls(u(x)) : s(x) < s(s(x))
s(x) € nat *ind u(t) of u(0) = ltlg | u(s(z)) = ltls(u(z)) : @ < s(x)
(s(z),ind u(t) of u(0) = ltly | u(s(x)) = ltls(u(z))) : Jye€nat.x <y
Az € nat. (s(z),ind u(t) of u(0) = Itly | u(s(z)) = ltls(u(x))) : Jy€nat.x < y : Vr€nat.Iyenat.ex <y v

<l
natE;

An elimination rule based on induction on terms gives rise to new S-reductions. For example,
an introduction rule natly or natls (proving ¢ € nat) followed by the elimination rule natE; (proving

August 12, 2009 35



A(t) true) forms a new pattern of detour, and removing such a detour corresponds to a S-reduction of
a term of type A(t). In the case of datatype nat, we obtain the following S-reductions:

ind u(0) of u(0) = M | u(s(z)) = N =3 M
ind u(s(t)) of u(0) = M | u(s(z)) = N =3 [ind u(t) of u(0) = M | u(s(x)) = N/u(z)][t/z]N

In the second g-reduction where s(t) matches s(x), we replace u(z) in N by a proof term of type A(t),
namely ind u(t) of u(0) = M | u(s(z)) = N.

Note that elimination rules based on induction on terms are irrelevant to n-expansions. For example,
an n-expansion of ¢ € nat must return another term of datatype nat, but the rule natE; yields a proof
term instead of a term. That is, the rule natE; eliminates a judgment ¢ € nat to produce an incompatible
judgment M : A(t).

4.7 Examples

We have seen in Section 4.5 that the introduction rules for a predicate specify a unique set of elimination
rules. For example, the introduction rules for the predicate m =y n

| m =n n true
0=nO0true N° s(m) =n s(n) true

‘*le

specify the following elimination rules:

0 = s(n) true E s(m) =n 0 true £ s(m) =n s(n) true
C true TN C true TNES0

=NE
m =N n true NEs

We have also seen in Section 4.6 that the introduction rules for a datatype specify an elimination rule
based on induction on terms. For example, the introduction rules for datatype nat

t € nat

————— natl
s(t) € nat natls

0 € nat natlo

specify the following elimination rule:
- ——u(x)
x € nat  A(z) true

t € nat A(O) true A(s(z)) true
A(t) true

u(x)

natk;

Here we consider a few examples which use these rules to prove properties of natural numbers.

Example 1. Vz €nat.x =y x

A judgment Vx € nat.x =y z true states that every natural number is equal to itself. Note that the judg-
ment does not hold trivially because =y is not a syntactic equality relation but a notational abbreviation
of a predicate symbol EQ such that EQ(m,n) means m =y n. That is, there is no reason that z =y «
should hold just because we intend =y as an equality relation between natural numbers.

We begin with an inductive proof of x =y « true where x is assumed to be an arbitrary natural
number:

Proof. By induction on z.

Base case x = 0:
0 =y O true from 0 =y 0 true =nlo

Inductive case x = s(2'):
' =n &' true by induction hypothesis
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' =N 2’ true
N /! =
s(z') =n s(a’) true from s(@) =n s(@') true "
[

From this inductive proof, we obtain a derivation tree for the judgment Vx € nat.x =n « true:
—u(z')
| ' =N 2’ true
zenat 0=y0true N s(z')=ns(2) true
xr =N X true
Vx Enat.x =N x true

—Nls

Then we obtain a proof term of type Vz €nnat.z =y 2 by assigning a proof term to every part of the
derivation tree:

Ly u(a’) : 2’ =y 2’ o
ze€nat eqlp:0=n0 "° eqls(u(z))):s(z') Ns(x’) N's
ind u(z) of u(0) = eqly | u(s(z")) = eqls(u(z’)) : x =

Az € nat.ind u(x) of u(0) = eqly | u(s(z')) = eqls(u(z’)) : VmEnat T =N

An equivalent but easier way to obtain such a proof term is to begin with its specification. For
example, we can derive a proof term eqNat of type V € nat.x =y « from the specification that eqNat x
returns a proof term of type =y «:

T proof term of type x =y x
eqNat 0 = eqly
eqNat s(z’) = eqls(eqgNat ')

Note that egNat may be recursively called only with argument 2, just like a primitive recursive function
applied to s(2’) may be recursively called only with argument z’. Then we introduce an inductive
function v and rewrite the specification into the definition of egNat where egNat x’ changes to u(z’):

eqNat = Az € nat.ind u(z) of u(0) = eqly | u(s(z)) = eqls(u(z’))

Example 2. Vz€nat.VyenatVzenatr =y y Dy =n2 D2 =nN 2

A judgment Vrenat.Vyenat.Vzenat.x =Ny y D y =n 2 D & =n 2 true expresses the transitivity of the
equality relation =n. An inductive proof of x =y y D y =n 2z D  =n # true is given as follows:

Proof. By induction on z. We consider subcases on y and z. In each case, we assume z =y y true and
y =N 2z true to show x =y z true.

Base case z = 0. We need to show 0 =y y D y =N 2 D 0 =y z true:

Subcase y = 0:
Subcase z = 0. We need to show 0 =y 0 true.
0 =p O true by the rule =lg
Subcase z = s(z’). We need to show 0 =y s(z’) true.
0 =y s(2’) true from the assumption y =y z true
Subcase y = s(y’). We need to show 0 =y z true.
0 =n s(y') true from the assumption z =y y true
/
0 =\ z true from % =nEos
Inductive case z = s(z’). We need to show s(z’) =y y D y =n 2 D s(a’) =n z true:
¥ =ny Dy =n2 Da’ =y 2 true for any y’ and 2’ by induction hypothesis
Subcase y = 0. We need to show s(z') =y z true.
s(z) =n 0 true from the assumption x =y y true
s(z’) =n O true
s(z’) =N z true from —— =\Eg

s(z’) =n z true
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Subcase y = s(y'):
Subcase z = 0. We need to show s(z’) =y O true.
s(y') =n 0 true

s(z’)

=n O true

Subcase z = s(z’). We need to show s(z’) =y s(z’) true:

s(z')

=n s(y’) true

' =n vy true

s(y')

=n s(2) true

y' =n 2’ true

' =N 2 true

from the assumption y =y z true

s(y') =n 0 true
from ——F——— =
s(z') =n O true

NLsO

from the assumption x =y y true

s(z') =n s(y) true

from ; y
T =Ny true

:NES

from the assumption y =y z true

s(y') =n s(2') true

from ; =N
Yy

=N 2 true

S

fromz' =Ny Dy =N 2 D’ =n 2 true, 2’ =Ny true, y’ =n 2’ true

s(z') =n s(2') true

z' =N 2 true

from s(z') =n s(2’) true

=N

S

Instead of rewriting the inductive proof as a derivation tree and then obtaining a corresponding
proof term (which is tedious), we obtain a proof term trans directly from its specification:

x
trans 0
trans 0
trans 0
trans s(x')
trans s(a’)
trans s(z’)

y z VT =NY w:Y =N 2 proof term of type z =y 2

0 0 v:0=N0 w:0=n0 = eqglporvorw

0 s(z)) v:0=y0 w: 0=y s(z) = w or eqEgs(w)

s(y) =z v:0=ns(y) w:s(y) =Nz = eqEgs(v)

0 z v:s(z')=n0 w:0=y2z = eqEy(v)

s(y') O ves(z')=ns(y) w:sy)=n0 = eqEg(w)

s(y) s(z') v:s(@)=ns(y) w:s(y)=ns(z) = eqls(trans 2’y 2’ eqEs(v) eqEs(w))

It requires a bit of thinking to obtain a correct definition of trans. For example, here is a wrong
definition of trans in which we mistakenly apply induction on « after taking y and z:

AT € nat. \y € nat. A\z € nat.

ind u(z) of

This definition is wrong because u(z’)y’ 2z’ eqEs(v) eqEs(w) fails to typecheck:

u(0) = case y of

u(s(z')) = case y of

0 = case z of

s(y'

0= \v:0

) = Av:0 =y s(y). \w:
0= lv:s(z') =y 0. \w:0

=N 0. \w:0 =N O.eqlo

s(2') = Av:0 =N 0. \w:0 =y s(2'). eqEgs(w)

s(y’) =n z.eqEgs(v)
=N 2.eqEs(v)

0= Xv:s(z') =n s(y'). \w:s(y') =n 0.eqEso(w)

s(y') = case z of ¢ s(z

"= dv:s(z’) = ())\w s(y)

eqls(u(x )y 2" eqEs(v) eqEs(w

=n s(z').

)

u(z’) has type

' =Ny Dy =nzDa =y z butitisapplied to two terms y’ and 2’ instead of two proof terms of types
2’ =y y and y =y z. Neither does dropping 3’ and 2’ help because eqEs(v) and eqE,(w) have different
types 2’ =y 3/ and y' =y #/, respectively. The problem in this definition is that y and = are already fixed
when induction on z starts, leaving no chance to use u(z’) to build a proof term of type z’ =y 2’ true

from proof terms of types 2/ =y ¢’ and y' =y 2'.

induction on x before taking y and z as arguments:

Ax € nat.

ind u(z) of

38

u(0) = Ay € nat. Az €

case y of

case y of

nat.

0 = case z of

0= A v:0=N0.\w:0=y 0.eqly
s(z') = Av:0 =y 0. \w:0 =y s(2’). eqEgs(w

s(y') = M:0 =y s(y'). Aw:s(y’) =n z.eqEgs(v)
u(s(z’)) = Ay € nat. Az € nat.
0= \v:s(z') =N 0. \w:0 =y 2. eqEs(v)

s(y’) = case z of

0= Av:s(z') =n s(y/). Aw:s(y') =n
s(z') = Av:s(a’) =N s(y). Aw:s(y’

S
eqls(u(z') y' 2" eqEs(v) eq

)

Thus a correct definition of proof term trans starts
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In this definition, u(x) has type Vy€nat.Vzenat.e’ =y y Dy =n 2 D 2’ =N 2z, allowing us to build a
proof term of type z’ =y 2’ true from proof terms of types ' =y v’ and y’ =y 2.

Example 3. Vz €nat.—(x =y 0) D JyEnat.s(y) =y

A judgment Vz € nat.—(z =y 0) D Jy€nat.s(y) =n x true states that every non-zero natural number is
the successor of some natural number. A proof of —(z =y 0) D Jy €nat.s(y) =n « true, which is not an
inductive proof but reuses the proof of Vz € nat.z =n z true, is given as follows:

Proof. By case analysis of x.

Case z = 0. We need to show —(0 =y 0) D Jy€nat.s(y) =y O:
—(0 =N 0) true assumption
Jy enat.s(y) =n O true from —(0 = 0) true and @ =\ 0 true =nlo

Case r = s(x ) We need to show —(s(z’) =y 0) D Jy€nat.s(y) =n s(z'):

( (') =n 0) true assumption (which is not used in this case)
' =N 2’ true from the proof of Vz € nat.z =y z true and 2’ € nat
' =y &' true
s(z’) =n s(a’) true from N —nle

s(z’) =n s(a’) true
x' € nat s(z') =N x true

3 t. = Nt f
yena S(y) N S(‘T ) rue rom dye nat,s(y) =N  true

O
The specification of a proof term pred of type Vz € nat.—(x =y 0) D Jy €nat.s(y) =y « is:

T v:=(x =y 0) proof term of type Jy €nat.s(y) =n «
pred 0 v:=(0=y0) = abortsy ¢ nat.s(y)=yo (v €qlo)
pred s(z') v:-—(s(z’)=n0) = {2/ eqls(egNat z'))

From this specification, we obtain the following definition of pred:

o 0 = A\v:—(0 =y 0). abortsy ¢ nat.s(y)=yo (v €qlo)
pred = Ax € nat.case x of { s(z') = Av:—(s(z') = 0). (z', eqls(eqNat a'))

Exercise 4.1. Can you give a definition of pred of the following form?

0= ..
pred = A\x € nat. \v:—(z =y 0). case z of { s(z') = ...

Exercise 4.2. Give a proof of Vz € nat.Vy €nat.x =y y D y =n = true. What is its proof term?

Exercise 4.3. Give a proof of Vz €nat.Vy€nat.x < y D —=(x =N y) true. What is its proof term?

4.8 Induction on predicates

In Section 4.5, we have seen how to derive a set of elimination rules for a predicate from its introduction
rules. For example, the introduction rules =ylp and =pls for the predicate m =y n specify the elimi-
nation rules =nEgs, =nEso, and =nEs. Now we show how to derive yet another elimination rule from
the introduction rules for a predicate. Such an elimination rule is based on induction on predicates and
allows us to prove properties of terms satisfying certain predicates.

Suppose that we wish to show a property that whenever mq =n ng true holds, we have a proof of
A(mg, ng) where A(myg, ng) can be any proposition involving terms mg and ng. For example, we may
have A(mg,ng) = ng =N mo, in which case we attempt to prove the judgment in Exercise 4.2. We
consider two cases of building a proof of mg =n ng true:

e The proof of mg =n ng true uses the rule =ylg. In this case, we have my = 0 and ng = 0, and thus
need to prove A(0, 0) true.
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e The proof of mg =N ng true uses the rule =yl;. In this case, we have my = s(m) and ng = s(n),
and thus need to prove A(s(m),s(n)) true from the assumption of m =y n true. In addition, the
principle of induction allows us to make another assumption of A(m,n) true because according
to the rule =yls, m =n n true uses a “smaller” predicate than s(m) =y s(n) true and is assumed
to already satisfy the property.

The analysis in these two cases justifies the following elimination rule:

w(m,n)

meEnat nenat m=yn" A(m,n) true

mo =N no true  A(0,0) true A(s(m),s(n)) true

_ pw,u(m,n)
A(mg,ng) true =nE;

Note that as is the case for induction on terms, the second and third premises do not use mg and ng
at all and constitute a valid proof of A(m,n) true for every pair of natural numbers m and n. Thus
the first premise just provides two specific natural number mg and ng to be substituted for m and » in
A(m,n) true and are not essential in completing a proof by induction on predicates.

As an example of using the rule =\E/, here is a proof of the judgment in Exercise 4.2 where we let
A(m,n) =n =Ny m:

(m.n)

—Nls
_ pwu(m,n)
= EI

n =N m true “
s(n) =N s(m) true

T=NY true . 0 =n O true =nlo

Yy =N T true
T=NY DY =NZTlrue

Vy€Enat.e =N y Dy =N  true
VrzenatVye€natex =y y Dy =N T true

w

ol

In a similar way, the introduction rules for the predicate m < n specify the following elimination
rule based on induction on predicates:

u(m,n)

n € nat menat nenat m<n. A(m,n) true

mo < ng true  A(0,s(n)) true A(s(m)7é(n)) true

A(mg, ng) true

w,u(m,n)

<EY

We can now simplify the proof of the judgment in Exercise 4.3 by using the rule < E; with A(m,n) =
=(m =N n):

s(m) =n s(n) true ‘

—_— ——  u(m;n) =nE;
0 = s(n) true —(m =N n) true m =N n true
1 true —N lvos 1 true v B
—_—w - —
x <y true —(0 =y s(n)) true —(s(m) =n s(n)) true )
I

—(z =N y) true w

r<yD-(x=Ny) true

Yyenat.x <y D ~(x =N y) true
Va €nat.Vy€nat.x <y D —~(x =y y) true

4.9 Definitional equality
So far, we have seen how to use predicates on terms to prove various properties of datatypes. Inciden-
tally these terms are not further reducible by S-reductions because they are either variables or built only

by introduction rules, as in 0 =y 0, z =n y, and s(z) =n s(y). Now we consider predicates containing
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terms that may reduce to simpler terms by S-reductions. For example, a predicate plus 0 0 =y 0 con-
tains a term plus 0 0 which reduces to 0 by §-reductions. Note that plus 0 0 =y 0 true is not provable
because the introduction rules =nlg and =nls allow us to prove judgments of the form 0 =y 0 true and
s(m) =n s(n) true only. Since plus 0 0 and 0 denote the same natural number, we would like to be able
to prove plus 0 0 =y O true.

This section develops a methodology that enables us to prove such judgments as plus 0 0 =y O true.
The basic idea is to define a notion of equality =, called definitional equality, which identifies two terms
that reduce to the same term by §-reductions. For example, we have an equality plus 0 0 = 0 because
plus 0 0 reduces to 0 by 3-reductions. Then the equality plus 0 0 = 0 allows us to simplify the judgment
plus 00 =y 0 true to 0 =y O true, which is provable.

It is important that although definitional equality uses the symbol = which usually stands for syn-
tactic equality, it is a strict extension of syntactic equality. For example, 0 = 0 holds under both syntactic
equality (because x is syntactically equal to x) and definitional equality (because x reduces to x by zero
B-reductions), but plus 0 0 = 0 does not hold under syntactic equality (because plus 0 0 is syntactically
different from 0) while it holds under definitional equality. We also note that definitional equality has
nothing to do with the symbol =y in the predicate m =y n which is just a syntactic abbreviation of
EQ(m,n).

Formally we use a new judgment ¢ = s to mean that terms ¢ and s are definitionally equal. (Instead
of writing ¢t = s true, we write t = s, omitting true.) As with predicates, we base the definition of ¢t = s
on the principle of natural deduction:

t=jr s=pr A(t) true t=s

DefEqE
DefEql A(s) true /b

t=s

In the introduction rule DefEql, the judgment ¢ =7 r means that ¢ reduces to r by zero or more
B-reductions. Here we assume that 3-reductions may be applied to subterms of the term being reduced.
For example, if ¢; =>4 t2 holds, s(¢1) =% s(t2) holds because t; is a subterm of s(¢;). Thus the rule
DefEq| states that two terms are definitionally equal if both reduce to the same term by §-reductions.
As a special case, two terms ¢ and s are definitionally equal if ¢ reduces to s by S-reductions or vice
versa.

o Ift =7} sors=t thent=s.

The elimination rule DefEqE states that once we build a proof of t = s, we cease to distinguish between
(syntactically different) propositions A(t) and A(s). The corresponding typing rule allows us to change
the type of a proof term silently without changing the proof term itself:

M:A(t) t=s DefEqE
M : A(s) 1

According to the rule DefEql, definitional equality is a relation between terms which is reflexive and
commutative:

e t =t holds for any term ¢.

e ¢t = simplies s = t.

Definitional equality is not necessarily transitive because the set of terms is open-ended and thus can be
extended with new terms that destroy the transitivity of definitional equality. It is transitive, however,
in the following weak sense:

o Ift = sand s = r, then A(t) true implies A(r) true.
Here are a few examples of definitional equality:
e pred 0 = 0 holds because we have pred 0 =5 case 0 of 0 = 0 | s(y) = y =3 0.

e The sequence of 3-reductions on Page 29 proves plus s(0) t = s(t).
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e plus 0 x = x holds:

plus0x =3 (Ay € nat.rec p(0) of p(0) = y | p(s(2)) = s(p(2))) =
=p recp(0) of p(0) = x| p(s(2)) = s(p(z))
3 Z

e plus x 0 = x does not holds:

plusz 0 =3 (Ay € nat.rec p(z) of p(0) = y | p(s(z)) = s(p(2))) O
=p  recp(x)of p(0) = 0 | p(s(2)) = s(p(2))
=5 777

As an example of a proof using definitional equality, let us find a proof term of the following type
which states that every natural number is either even or odd:

Vo enat.(Jyenaty +y =y ) V (Fy€nat.s(y + y) =n )

Here we write t + s for plus ¢t s. Note that without definitional equality, it is impossible to find such a
proof term because there is no way to prove, for example, y + y =n .
First we observe that s(z) + y = s(z + y) holds:

s(r)+y =3 recp(s(z))of p(0)=y|p(s(z)) = s(p(z))
=3 s(recp(z)of p(0) = y | p(s(z)) = s(p(2)))
s(zx+y) ==} s(recp(z)of p(0)=y|p(s(z)) = s(p(z)))

Next we define a proof term comp whose type is Vx € nat.Vy € nat.z + s(y) =n s(z + y):

u(0) = egNat s(y)

comp = Az € nat. \y € nat.ind u(z) of { u(s(z’)) = eqls(u(z’))

Here egNat s(y) is assigned type 0 + s(y) =n s(0 + y) which is equivalent to s(y) =n s(y) under defi-
nitional equality. Similarly eqls(u(z")) is assigned type s(z’) + s(y) =n s(s(z’) + y) which is equivalent
to s(z’ 4+ s(y)) =n s(s(2’ + y)) under definitional equality. Then we use the proof term trans given in
Section 4.7 to obtain a proof term of the given type:

Ax € nat.
ind U(Sﬂ) of U(O) = inlﬂyGnat.s(y+y):N0 <Oa eq|0>
u(s(z')) =
case u(a') of inl 2. let (y, w) = zin iNr3y ¢ nat.y+y=ys(z’) (¥ €als(w))
| inrz.let (y,w) = zin

inl3y € nat.s(y+y)=ns(z’) (8(¥), trans (s(y) +s(y)) (s(s(y +y))) (s(x”)) (comp s(y) y)eqls(w))
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