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Constructive Least Fizpoint of Monotone Function on Complete
Partial Order
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o] & ¢ FEEE=A AT (CPO)A HeH Tx g (monotone)d] H LTS
o IS ANDE A H2DHHE FoIE B0l BE ZAEL o)1
T A oFo] O BRGITE. 1A Shi| R A eol A A B 9% 8 (contimuous) ©]
A} €8] A 2} (complete lattice) oA o] ® ©Z &4 (monotone) 2= 2 A O]D}. o]
solAs AF7HA AAR Y T M AL AldxdstelA Y HangHde tE
o}

1 2 7

o] Z& $hul B 40 TH(CPOYNA BelH T2 T4 (monotone)®] H A LA S T

e AANTH A7 HauddS Fotbe el e 2 E2 o2 Alke]

Btk SuREEEAPITH(CPO)Y Bl A5 (c ontlnuouS)E}L z o] F7te o

ofF a1, d2drdul= & A X} (complete lattice) 2= 27 0] F7F5 o of JTh[1] ©]

=olME AF7HA AAE B F 7P AL A2 A (R EeAA TS 2Tt
of A £ -‘4/\7 é’fz% =
2*‘01]/‘ A4 (ordinals)oll that 712 A A& AW ech FF HougHe Qo of
st Sl /“] k= (transfinite number)oﬂ ﬂ]?} A e] AQ sty wjFol, 1o thst we
£AE 2gol WAL olu] %@ ABL AUHE & Btk 3FANL RAHO

E H2aHHS olokrst7] 4A @EVV\] dolee ety aga I Hesd 7

5}01 47l A gl R4 R 61’(0130)"1]/\1 7&)4% 423 HAauFH S Foke WY
AAsEaL, T20] Svke AYS ST 5% 68 3R 42 I THT WS

Llo
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o SO B S Aol B oA A5 BoIAE B,
sl 32 golx Fwt oA Bk

2 da 2 (A1 M 5:06028) 9 W& AALR Fx] =217 FRFAR A x| w7 S A
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2.1 z=M=(Ordinals)

O‘./]-/] A3t 57]' —r—‘f"? AEFAA (S 3l A=A 3 g (totally ordered set)= o] F31, B
E 947t 5o REASY uj, SE <44 (ordinal number, ordinals)2tal st} (')TE: A
FE9 H(class)ol2tal 3, Va,8 € O . (e € ) & (a < B)olth A& &9, v &
of EATES UEE + Atk

0={}=¢

1 = {0}

2 = {0,1}

wo=w = {0,1,2,3,---} =N
w+1=1{0,1,2,3,--+ ,w}

gk 2ol AFE AL IS E™, 0,12, ww+lw+2, 0w 2w 241w
3’...7w 4, ..’w2) ’w37...,ww’...7u}w7...%_Tq—@:o] _?——(:5_]_—’8] O‘_:‘:]_%E_’r_gl]'jr
22 =7| &=M==(Initial Ordinal)
ZpA1 o] A4 o] 74 (cardinality) 7} ?}ﬂ«] “(cardinal) N9 A5 5, 717 &2 <=
ATE N9 =7 At stk BE £33 {'\‘/‘1'1‘(7(]‘ F)e 27 €AFol A T i

[e]
29 B8 2ASE 27 2457 ohUTE of W, atiA] FE 27 SASE w5715}
), 279 7]4(cardinality)= R, 0Tt & £}, |w| = |wo| = Vg = |w?], |w1|? = Ryo] T}
Ty w? > wel Wb 82 = N0l T}

2.3 HIE F &=A=(Successor Ordinal)2} =6+ &=A{==(Limit Ordinal)

28] fa F 7P 2 94 oF 7ML e SATE o8 ¥R FH A (successor
ordinal) 23l 31, a4+ 1 =& S(a) #71gtth 02 AT A F, v F A5
7} obd AL 3 =44 (limit ordinal) 2}l St} o] ¥IZ FH =A% S(a)= aU {a}d}
T gttt

24 #=M==2| g(Ordinal Addition)

Aol the BAl A2 vt 2ol Feldnh

a+0 =«

a+S(8) = Sla+0)

Oé+)\3 - U6<)\(O‘+ﬁ)
m‘% H] 7}:}H(uncountable) A 4=o] T}

3 & =3t £ 44 (limit ordinal) o]t}
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%3 7 (transfinite induction)2 BE %A1 4= (ordinals)ol] thafA] dejo] A& PE =

B AFgHET I FHe R th3o Al DA E vdth

— 714 7 $-(Base case): P(0)& &9 3ic}

— vFZ F 7 (Successor case): Y2l A Bo thdto], P(B) = P(B+ 1) SH3t
2, (Va<p.Pla) A P(B) = P(B+1)= S8

— 23 ¢ (Limit case): 422 F3 A4 Aol tj3to], (Va < A . P(a)) = PN)E 51

%3} Yk (transfinite recursion)-&
394'3} d AFgE = 71Helth A&

4 A= U9 Al A E dAFEL

— ApE A9 St

— A9y A ad st A2 BH A, s

ol RE 92 HRH A B qu/]?f]'— s 2

— 9olo] T3 AL Aol ThEto], a < NS WETHE BE 4,8 BE A, E Ao stE= Y
= A4}

3 9

Aol 1 (¢ & £ 4 (Complete Partial Order)) £ 8 <X 5 (partially ordered

set)O] ApAIS] B /\}{_g(cham)oﬂ o) 3t _,JA/K]—E]-(U) 7}2 3, 7P Be cq/\(J_)

HE &AM (Complete Partial Order, CPO)2}al 31—13]-
el 2 (0-"33%") (L,C, L)o] &y B& A (CPO)olaL, O <ATES 3t (class)olH,
Fel™ 12, 048 (X'heol 83} ¢& 23 WEow Ao ar)
- XV=1
T R0 S M B Rl

|—|a<6 Xaa 57}‘ %@' —/L;:A_]‘/l\‘ ?“—’l
Aol 3 (u-F £9Q) (L,C, L)o] & RE =AM (CPO)OIAL, p7} {6 |6 € p}| > LIS ©F
e Mg A2 Ao, Fe L™ LY o, p-F 94 {X%}se,2 0-58 F il &
A A (prefiz) ol ok

A o] 4 (A5 (Stationary) £4) <=4 {X° }5@ 5 (stationary) <= G olehe AL th=x
T Exo)th Jecpu. V3eu. (B>¢€) = ( ) ol W, X& 11 g9 F3olgt st
o}

RS

¢ 1 (LT, L)o] 2¥] B8 £ (CPOJOIT, F e L™ Lo]0, (X}seo7h O-5
d o, 4ol ool st |, 5 F(X¥)C (|_|a<5Xa) °jth.
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3. uel Aol o shel:

Vol <8 x%' C | | x°
a<d

Vo < 5. F(X*)C F(| | X*)
a<d

Lol A ool o teq:
| | P(x*)yc F(| ] Xx*)

a<d a<d

a

=4 2 (L,C, 1)o] 9] BE <A (CPO)ol1, F e L™ Lolv, {X°}sc07t O-54
A o, v§ € 0. X9 C X0tlolrh

Zm. 1o Foof 93te], X0 =1 C Xlojth 22 732K AR 7H4):
Vo <. XC xot!

O

5, X acs® T7F8kE AFEolth wek 67t viE H A, e 7ol o4,
X0-1C X00lth F7} vz dfolng F(X0 1) C F(X%)ol1, 0-5d2 Ao oa}o],
X° C XOttoln), whok 671 Fok A

X0 = [J, ;X 049 Fojof sl
C Loy X0 A5 7P 0] 2 3ho)
ooy F(X°) O-5289] Blof o5}l

C F(yes X*) =24 100 9 3}o]

= F(X°) 099 gl 23}
Z3 Aol 9sted, Vo e 0. X° C X°tlo|t}h O
&4 3 (L,C, L)o] & & £ (CPO)OIIL, F € L™ Lolv], {X°}se07t 04
?:_]' Eq{; ?_(1}: X¢€ = Xetl £ tﬂ'é—ﬁ‘—i‘— €€ OO] %xﬂé}@, Vo e O. (6 < 5) = (Xe _ Xé)o]
t}.

3%, 0= ul, X = X0t} th& ZHH A 7H):
Va.(e<a<d)= (X=X

ghok 571 wtE § sAseEtd, Ad 7R 98, X© = X0 lot). Frl gz dgolng,
F(X9) = F(X"Heli, O-=42] o oste], Xt = X0o|th. o] HAlell ofste],
X© = X%e]t}. wheF g7 S A SehE:

X0 = yeaos X O-5=d) Flo] o 5}o]
= Uogagexauue+1§a<6‘xa U-OJ 3 &f ol 2 5}
= XU 1caes X° Lol Aol =gge 20 o 5}o]
= X°UX° Lol B elet 7 7HA ol o] 3]
= X° ISEEEEEE

23 Aol 9o, Ve 0. (e <)) = (X = X%)o|t}. O
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=84 4 (L,C, 1)o] ¢ BE £4(CPO)I T, F e L™ Low, {X}se07t O-%
Au,vPe L. (F(P)CP)= (¥eO.X°C P)olt}

%9W. F(P) C PE WE3se 999 P e LE AR 0-529) Aol 93},
1L =X0C Polt}. 25 AAA3AHAE 7HA):

VaeO.(a<d)= (X“CP)
ghok 67F vkE § AL, A AR o8 X0 C Pol1, Fe T2 gl B .
X =F(X"YH)YCFP)CP
Aebd, 7 78 el el &l

X5:|_|Xagp
a<d
23 Aol 9ste], Vo € O . X9 C Polt}. O
_]

ukek 57 5

il
=
&

e 1 (G2 Ha 23H) (LG, L)o] & B2 A (CPO)oIaL, p7k {6 | d €
p} > LIS BEsE b Ze exgom, FEe L™ LY ), 43 8 {X°}sen s BF

Z7} <9go)1, 1744 =23 X2 Fol A pA AT}
s

9. =247 20 93to], {X°}se,2 7 A& olth {X%}se,0) 5 5 7Hstrictly
increasing) 3t Al olgtal 7}AEAL &

VWeO. (yeu A (v+1) €p) = (X7 #XTH)

ol wh, V6 € u. X° € Lo]7] Wl ell, {X }se, oA LE 7 AL A (injective mapping) o]
EAT =, (X} seul < |LlO1th 2By p] el o tel, [{X}se,l > [L]0]7] wl &
o, 7k ol B<oltt. webAl:

Je. (eep) A ((e+1)€p) A (X=X

<22 4% =242 30 23tol, (X0hse, & AF Lol L, 2 FBL Xoo|rk

X=X = F(X9)
2, X2 Fof g zdelth. o velrh, £2 A2 4e] 3o, F(P) = P& %53 2

X‘CP
olmE, X¢ = Fol H4 ARt} O

=} = oA, F7l gzt 2

2 7 F83ith Foll 93l 5718k 990 A= Y2, S LT F()), oA Al&ste FE
AL AEGAA e £E2, F7F G284 A, A& (chain)o] 5] 7] wfZ o]t}

W Ag wbH o7 4IPS FIke e ted 22 Ado] dAJY. FE
HEA A A oz olrte AFS A4 (ordinal number) 7 02 A A Flo]
7 etA Itk Fg A58 8817 34+ 7]5(cardinal number, 32} 37]) 7hd
o2 WA A Atk o] uf, TH| e EAFE AAES FHuf 7101HD} o 2 3+2 FE
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AGAIZIH, Foll 3) st5013] A Q& WrEA] +H5tar, T F3gke] JAauFH ol At
(@ﬂ [1:]_161-_/':_,] A x%;d])

F7HA /Y Z=El el tiste] o] &F 22 AP S SulsE b EQlo] Frhek=Al <l
Z&Zﬂ(ascending chain condition)< 7P§iﬂ u on St A4 ?"“ o] Fof JYrtd, I =<l
o AQE Heh Aot FAITh S, ALl BE A% nol thate] 1 nirt 7]
4*(cardinal number, 7 §9] EL7])7HLﬂ Oilyﬂ SIHA 2 = n+ 101, B3] Ao

Oh mebA PE a4 AT, 5 AAS 0T, AE8A AN HanF PO YD o
Ae AR ow 47 )57 e FRelh 2FLE wrals] A0 A%t Tast
/‘1 z7}3}“ Xﬂ‘ﬂiﬂé ZRA A k%= Ao o™ IF o] wf, =H|¢1e] Al HT) 4 o]
=2y Ae 949 7H-,—(card1nality) olt}. R, 2l AL whekA FE N, Kt} 7] 4= (cardinal
Humbef, Ao 7)Aoz ff}?}ﬁﬂ 2 7 W HEAIACF gt} I U vtE u-F
=49 poltt. Y E Hep o E —I-UﬂOLJ A4 A7t Ad- e %i A
ﬂm)u}a EADIR FE A o] Ui AT AN A AT H 20 Ao
FH3E= 29 1‘4— A 4=(ordinal number) '@ 02 TR, w; AA] AFo| A 4 ’\Eﬂ strhar
ATk A w19 AUIN SR A ohdlen 4o - AT, 2
712 AL A 71 2L 7]4(cardinal number, 3] Z 7)) /MELZH we HRA 7 A3}
i52] Ao]7} §iT. Wk o] 2R fad Trldlel teto] £zt 4A AR 48
zae wu o] 202 A7 A0 Bt

6 M2| 21 chsl|
3el

eff o] A sH
Z}(complete lattice) ol XN )
AR(CPO)oIcke 2w glol D 3 2ol 43 27

1y
_?[_:

T A% B eI o) AL BB AN R(CPO) A B ws
Aol EAAM, HEAA BT A AL AR IS 7T 5 AL

H AT
< SYA |k

FE& F8F0] 717 oA HauAHF] EAAY T+ 5 A2 7HEsk 9
EoES MEUHE AFo T o]FAAF FYolt} 7Hestd A2 2AS F= Aol &
P A Y Yol o] &= 7] Adl7] wiEo]t).

THo 2HE FA &Stk AP =v Qo] §oket A, xSt AL Taol 7wl
ol E ZA - Zfi‘Jr;UﬂOJOl StetA|E A, v & AL d D o] QoA A4 =
ATt 98-S stz et AA= ?Uﬁ}ﬂ"‘ U v x7] W&o, A4 197}
obd =33t TA 7FA] HHE-& Sfjofst= R EI HE Zpo| 7} gl

o] THol o2 STHY It A E, 2] 7:‘X}(complete lattice) 2742 A5
doglth A=, A5, 2353 E‘r A7FA] A k3l ZAFA S AF QoA EEE
2 5 gk

=9, o] AbA ol Tt

=|_|1w |_|FZ+1EF |_|F = pt!
ieN ieN ieN
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ARtk o] 4ol vz ?i’%%?-‘il Z7olx, T uf FU7F AZIA Eete Aﬁlﬂ
Holth. mWebd o] FHL A& 40| 49T ZY*
=
=

o
©
A (ordinals)N A= AHE AFer B, 2dE H=A7F72 AR

© 27t AL
2 2l e oe)g & Aol Bk

_<’)_

A oS
olek. o] g
o}

= Q)
S =

A st

quHoz AES olasted ¥ 22T AWLL @ WA Dog opbe 2L A
4*(ordinal number) 7| ] 37, é‘?ﬂ«] 31]5,\—% 714> (cardinal number, 3 3Fe] = 7]) 7] o]

R DANAE Aol FAHTE F, 8 UA BT ophE, 269 Ao
12 F7rsteh. SR gk, F3kst dA oA = 2 - A] oty FEE DA A = & OHA do
2 JolbA B W 6 2812 wEoel s, AA 2Hel A5 (AR 27)E Solha @
=t} o] MEe o]oﬂ-g]-‘_’ A#AR o7 AZE o|3]3l7] 412 Ao|t}.
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