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s� /åJ�Ér ¢-aq�ÂÒì�rí�H"f|9�½+Ë(CPO)\�"f &ñ
_��)a éß��̧�<ÊÃº(monotone)_� þj�è�¦&ñ
&h��̀¦
½̈���H~½ÓZO��̀¦]jr�ô�Ç��. t��FK��t�þj�è�¦&ñ
&h��̀¦ ½̈���H~½ÓZO�\����Ér �̧|	�[þt�Érs��Ð
�� ]j���s� �8 ú́§��¤��. Õª��Ér	כ ¢-aq�ÂÒì�rí�H"f|9�½+Ë\�"f &ñ
_��)a ���5Åq�<ÊÃº(continuous)s�
���� ¢-aq������(complete lattice)\�"f &ñ
_��)a éß��̧�<ÊÃº(monotone)����H �̧|	�s���. s�
/åJ\�"f��H t��FK��t� ]jr��)a ~½ÓZO� ×�æ ���©� &h��Ér ]j����̧|	��\�"f_� þj�è�¦&ñ
&h��̀¦ ��ê�r

��.

1 �Ð 4�

s� /åJ�Ér ¢-aq�ÂÒì�rí�H"f|9�½+Ë(CPO)\�"f &ñ
_��)a éß��̧�<ÊÃº(monotone)_� þj�è�¦&ñ
&h��̀¦ ½̈���H
~½ÓZO��̀¦ ]jr�ô�Ç��. t��FK��t� þj�è�¦&ñ
&h��̀¦ ½̈���H ~½ÓZO�\� ���Ér �̧|	�[þt�Ér s��Ð�� ]j���s� �8
ú́§��¤��. ¢-aq�ÂÒì�rí�H"f|9�½+Ë(CPO){9� �â
Äº\���H ���5Åq�<ÊÃº(continuous)����H �̧|	�s� ÆÒ��÷&#Q
�� Ùþ¡�¦, éß��̧�<ÊÃº{9�M:��H ¢-aq� �����(complete lattice) ����H �̧|	�s� ÆÒ��÷&#Q�� Ùþ¡��.[1] s�
/åJ\�"f��H t��FK��t� ]jr��)a ~½ÓZO� ×�æ ���©� &h��Ér ]j����̧|	�(¢-aq�ÂÒì�rí�H"f|9�½+Ëõ� éß��̧�<ÊÃº)�
\�"f_� þj�è�¦&ñ
&h��̀¦ ��ê�r��.

2�©�\�"f��Hí�H"fÃº(ordinals)\�@/ô�Çl��ít�d���̀¦[O�"î
ô�Ç��. �¾ÓÊêþj�è�¦&ñ
&h�_�$í
|9�\�@/
ô�Ç 7£x"î
\�"f �íô�ÇÃº(transfinite number)\� @/ô�Ç t�d��s� ¹כ��9�l� M:ë�H\�, Õª\� @/ô�Ç Âúª�Ér
�è>h\�¦ 2�©�\� V,�%3���. s�p� e��ņqô�Ç ��|ÃÐ�Ér |	��-8A#Q�̧ ÷&��H ?/6 xs���. 3�©�\�"f��H �:r���&h�Ü¼
�Ð þj�è�¦&ñ
&h��̀¦ s���l��l� ·ú¡"f #��Q��t� &ñ
_�[þt�̀¦ �è>hô�Ç��. Õªo��¦ Õª &ñ
_�[þt\� l�ìøÍ
�#�, 4�©�\�"f¢-aq�ÂÒì�rí�H"f|9�½+Ë(CPO)\�"f&ñ
_��)aéß��̧�<ÊÃº_�þj�è�¦&ñ
&h��̀¦ ½̈���H~½ÓZO�
�̀¦ ]jr���¦, Õª��s	כ �̀¦���Ér �¦e���̀	כ 7£x"î
ô�Ç��. 5�©�õ� 6�©��Ér 3�©�õ� 4�©��̀¦ :�xK� 7£x"î
ô�Ç ?/6 x
_� >h¥Æ�õ� f���'a�̀¦ ]j/BNô�Ç��.
s�/åJ\�"f��6 x�)a²DGë�HÃº�<Æ6 x#Q��H@/ô�ÇÃº�<Æ�r\�"f]j/BN���H6 x#Q������̀¦�ÃÐ�¦�%i��¦,èß�

K�ô�Ç ²DGë�H 6 x#Q��H %ò
ë�Hõ� �<Êa� ³ðl��%i���.

1�:r ���½̈��H ²DG���Ðîß����½̈�è(õ�]j��� ñ:06028)ü< �§¹¢¤���&h���"é¶ÂÒ ¿ºö&ô�Ç²DG21õ� &ñ
�Ð:�x���ÂÒ ����̧l�ìøÍl�Õüt>hµ1Ï��
\O�_� t�"é¶�̀¦ ~ÃÎ��¤6£§�̀¦ µ1ß�2³��.
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2 M�(è< 4�$Ë�

2.1 )Ö<"k¬£(Ordinals)

e��_�_� |9�½+Ë S�� ÂÒì�r|9�½+Ë�'a>�(⊆)\� @/K� ¢-a���í�H"f|9�½+Ë(totally ordered set)�̀¦ s�ÀÒ�¦, �̧
��H "é¶�è�� S_� ÂÒì�r|9�½+Ë{9� M:, S\�¦ í�H"fÃº(ordinal number, ordinals)���¦ ô�Ç��. O\�¦ í�H"f
Ãº[þt_� |9�½+Ë(class)s����¦ ����, ∀α, β ∈ O . (α ∈ β) ⇔ (α < β)s���. \V\�¦ [þt#Q, ��6£§õ� °ú 
s� í�H"fÃº[þt�̀¦ ��\P�½+É Ãº e����.

0 = {} = φ
1 = {0}
2 = {0, 1}

...
ω0 = ω = {0, 1, 2, 3, · · · } = N

ω + 1 = {0, 1, 2, 3, · · · , ω}
...

0Aü< °ú s� í�H"fÃº\�¦ >�5Åq ��\P�K��Ð���, 0, 1, 2, · · · , ω, ω + 1, ω + 2, · · · , ω · 2, ω · 2 + 1, · · · , ω ·
3, · · · , ω · 4, · · · , ω2, · · · , ω3, · · · , ωω, · · · , ωω2

, · · · 1pxõ� °ú s� Áºô�Çy� ��\P�½+É Ãº e����.

2.2 �ÔM� )Ö<"k¬£(Initial Ordinal)

�����_� "é¶�è_� >hÃº(cardinality)�� e��_�_� l�Ãº(cardinal) N��� í�H"fÃº[þt ×�æ, ���©� ����Ér í�H
"fÃº\�¦ N_� �íl� í�H"fÃº���¦ ô�Ç��. �̧��H Ä»ô�Ç í�H"fÃº(�����Ãº)��H �íl� í�H"fÃºs�t�ëß�, @/ÂÒ
ì�r_� Áºô�Ç í�H"fÃº��H �íl� í�H"fÃº�� ��m���. s� M:, α���P: Áºô�Ç �íl� í�H"fÃº\�¦ ωα�� ³ðl��

 9, Õª��_	כ l�Ãº(cardinality)��H ℵαs���. \V\�¦ [þt#Q, |ω| = |ω0| = ℵ0 = |ω2|, |ω1|2 = ℵ1s���.
Õª�Q�� ω2 > ω��� ìøÍ���, ℵ2

0 = ℵ0s���.

2.3 ��}¹ \� )Ö<"k¬£(Successor Ordinal)ã# ���Â6Ò )Ö<"k¬£(Limit Ordinal)

�����_� "é¶�è ×�æ ���©� 	�H "é¶�è α\�¦ ��t��¦ e����H í�H"fÃº\�¦ α_� ���Ð +' í�H"fÃº(successor
ordinal)���¦ � 9, α + 1 ¢̧��H S(α)���¦ ³ðl�ô�Ç��. 0�̀¦ ]jü@ô�Ç í�H"fÃº ×�æ, ���Ð +' í�H"fÃº
�� ����� �¦̀�	כ �FGô�Ç í�H"fÃº(limit ordinal)���¦ ô�Ç��. α_� ���Ð +' í�H"fÃº S(α)��H α ∪ {α}õ�
1lx{9����.

2.4 )Ö<"k¬£q� Ö(Ordinalכ� Addition)

í�H"fÃº\� @/ô�Ç  »	!lr ���íß��Ér ��6£§õ� °ú s� &ñ
_��)a��.

α + 0 = α
α + S(β) = S(α + β)
α + λ3 =

⋃
β<λ(α + β)

2ω1�Ér ���©� ����Ér q���íß�(uncountable) í�H"fÃºs���.
3λ��H �FGô�Ç í�H"fÃº(limit ordinal)s���.
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2.5 �ÔÂ6Ò Zô�m�(«(Transfinite Induction)

�íô�Ç )±ú�ZO�(transfinite induction)�Ér �̧��H í�H"fÃº(ordinals)\� @/K�"f e��_�_� $í
|9� P\�¦ 7£x
"î
½+É M: ��6 x�)a��. Õª 7£x"î
�Ér {9�ìøÍ&h�Ü¼�Ð ��6£§_� [j éß�>��Ð ���÷¶��.

– l�$� �â
Äº(Base case): P (0)�̀¦ 7£x"î
ô�Ç��.
– ���Ð +' �â
Äº(Successor case): e��_�_� í�H"fÃº β\� @/�#�, P (β) ⇒ P (β + 1)�̀¦ 7£x"î
ô�Ç��.
<�Ê�Ér, (∀α < β . P (α) ∧ P (β)) ⇒ P (β + 1)�̀¦ 7£x"î
ô�Ç��.

– �FGô�Ç �â
Äº(Limit case): e��_�_� �FGô�Ç í�H"fÃº λ\� @/�#�, (∀α < λ . P (α)) ⇒ P (λ)\�¦ 7£x"î

ô�Ç��.

2.6 �ÔÂ6Ò ºÿ�õi;(Transfinite Recursion)

�íô�Ç ìøÍ4�¤(transfinite recursion)�Ér �íô�Ç )±ú�ZO�õ� �'a>��)a >h¥Æ�Ü¼�Ð+�, #Q�"� �¦̀�	כ ½̈$í
���
�� &ñ
_����HX< ��6 x÷&��H l�ZO�s���. \V\�¦ [þt#Q, �̧��H í�H"fÃº α\� @/K� &ñ
_��)a |9�½+Ë[þt_� í�H
\P� Aα��H ��6£§_� [j ��t�\�¦ ���/åL�<ÊÜ¼�Ð+� &ñ
_�|̈c Ãº e����.

– A0\�¦ &ñ
_�ô�Ç��.
– e��_�_� í�H"fÃº α\� @/�#�, Aα�Ð ÂÒ'� Aα+1\�¦ &ñ
_����H ~½ÓZO��̀¦ ���&ñ
ô�Ç��. <�Ê�Ér, Aα\�

s�ØÔ��H �̧��H í�H\P��ÐÂÒ'� Aα+1\�¦ &ñ
_����H ~½ÓZO��̀¦ ���&ñ
ô�Ç��.
– e��_�_� �FGô�Ç í�H"fÃº λ\� @/�#�, α < λ\�¦ ëß�7á¤���H �̧��H Aα�Ð ÂÒ'� Aλ\�¦ &ñ
_����H ~½ÓZO�

�̀¦ ���&ñ
ô�Ç��.

3 +ä� q�

Ça��+ 1 (µì�j� ÉÙ&P� 'K�"�(Complete Partial Order)) ÂÒì�r í�H"f |9�½+Ë(partially ordered
set)s� �����_� �̧��H ��_þt(chain)\� @/ô�Ç þj�è�©�ô�Ç(t)\�¦ ��t��¦, ���©� ����Ér "é¶�è(⊥)\�¦ ��
|9� �â
Äº, ¢-aq� ÂÒì�r í�H"f(Complete Partial Order, CPO)���¦ ô�Ç��.

Ça��+ 2 (O-'K�á~
) 〈L,v,⊥〉s�¢-aq�ÂÒì�rí�H"f(CPO)s��¦, O��Hí�H"fÃº[þt_�|9�½+Ë(class)s� 9,
F ∈ L

mon→ L{9� M:, O-í�H\P� {Xδ}δ∈O�Ér ��6£§õ� °ú �Ér �íô�Ç ìøÍ4�¤Ü¼�Ð &ñ
_��)a��.

– X0 = ⊥
– Xδ =

{
F (Xδ−1), δ�� ���Ð +' í�H"fÃº {9� M:⊔

α<δ Xα, δ�� �FGô�Ç í�H"fÃº {9� M:

Ça��+ 3 (µ-/�× 'K�á~
) 〈L,v,⊥〉s� ¢-aq� ÂÒì�r í�H"f(CPO)s��¦, µ�� |{δ | δ ∈ µ}| > |L|�̀¦ ëß�7á¤
���H ���©� ����Ér í�H"fÃºs� 9, F ∈ L

mon→ L{9� M:, µ-�½Ó í�H\P� {Xδ}δ∈µ�Ér O-í�H\P� ×�æ µ>h_� ·ú¡
]X�¼#�(prefix)s���.

Ça��+ 4 (Ça�ÇÚ(Stationary) 'K�á~
) í�H\P� {Xδ}δ∈µs� &ñ
ÀÓ(stationary) í�H\P�s�����H ��Ér	כ ��6£§
õ� 1lxu�s���: ∃ε ∈ µ . ∀β ∈ µ . (β ≥ ε) ⇒ (Xε = Xβ). s� M:, Xε�̀¦ Õª í�H\P�_� �FGô�Çs��� ô�Ç

��.

4 )ç� H�B

�¿	�̧Ça�h� 1 〈L,v,⊥〉s� ¢-aq� ÂÒì�r í�H"f(CPO)s��¦, F ∈ L
mon→ Ls� 9, {Xδ}δ∈O�� O-í�H\P�

{9� M:, e��_�_� δ\� @/�#�,
⊔

α<δ F (Xα) v F (
⊔

α<δ Xα)s���.



4 · É�}¹½�7��?�a�@#e$ã<'Ö<U� <K 20 -!H 1 �Ú(2006. 9)

¤� ÃZ�. t_� &ñ
_�\� _��#�:

∀α′ < δ . Xα′ v
⊔

α<δ

Xα

F s� éß��̧�<ÊÃºs�Ù¼�Ð:

∀α′ < δ . F (Xα′) v F (
⊔

α<δ

Xα)

t_� &ñ
_�\� _��#�:
⊔

α<δ

F (Xα) v F (
⊔

α<δ

Xα)

2

�¿	�̧Ça�h� 2 〈L,v,⊥〉s� ¢-aq� ÂÒì�r í�H"f(CPO)s��¦, F ∈ L
mon→ Ls� 9, {Xδ}δ∈O�� O-í�H\P�

{9� M:, ∀δ ∈ O . Xδ v Xδ+1s���.

¤� ÃZ�. ⊥_� &ñ
_�\� _��#�, X0 = ⊥ v X1s���. ��6£§�̀¦ ��&ñ
���()±ú� ��&ñ
):

∀α < δ . Xα v Xα+1

7£¤, {Xα+1}α<δ��H 7£x�����H ��_þts���. ëß����, δ�� ���Ð +' í�H"fÃº�����, )±ú� ��&ñ
\� _�K�,
Xδ−1 v Xδs���. F�� éß��̧�<ÊÃºs�Ù¼�Ð, F (Xδ−1) v F (Xδ)s��¦, O-í�H\P�_� &ñ
_�\� _��#�,
Xδ v Xδ+1s���. ëß���� δ�� �FGô�Ç í�H"fÃº�����:

Xδ =
⊔

α<δ Xα O-í�H\P�_� &ñ
_�\� _��#�
v ⊔

α<δ Xα+1 )±ú� ��&ñ
\� _��#�

=
⊔

α<δ F (Xα) O-í�H\P�_� &ñ
_�\� _��#�
v F (

⊔
α<δ Xα) �̧¹¡§&ñ
o� 1\� _��#�

= F (Xδ) O-í�H\P�_� &ñ
_�\� _��#�
= Xδ+1 O-í�H\P�_� &ñ
_�\� _��#�

�íô�Ç )±ú�ZO�\� _��#�, ∀δ ∈ O . Xδ v Xδ+1s���. 2

�¿	�̧Ça�h� 3 〈L,v,⊥〉s� ¢-aq� ÂÒì�r í�H"f(CPO)s��¦, F ∈ L
mon→ Ls� 9, {Xδ}δ∈O�� O-í�H\P�

{9� M:, ëß���� Xε = Xε+1 \�¦ ëß�7á¤���H ε ∈ Os� �>rF�����, ∀δ ∈ O . (ε ≤ δ) ⇒ (Xε = Xδ)s�
��.

¤� ÃZ�. δ = ε{9� M:, Xε = Xδs���. ��6£§�̀¦ ��&ñ
���()±ú� ��&ñ
):

∀α . (ε ≤ α < δ) ⇒ (Xε = Xα)

ëß���� δ�� ���Ð +' í�H"fÃº�����, )±ú� ��&ñ
\� _�K�, Xε = Xδ−1s���. F�� éß��̧�<ÊÃºs�Ù¼�Ð,
F (Xε) = F (Xδ−1)s��¦, O-í�H\P�_� &ñ
_�\� _��#�, Xε+1 = Xδs���. ε_� ���]j\� _��#�,
Xε = Xδs���. ëß���� δ�� �FGô�Ç í�H"fÃº�����:

Xδ =
⊔

0≤α<δ Xα O-í�H\P�_� &ñ
_�\� _��#�
=

⊔
0≤α≤ε Xα t⊔

ε+1≤α<δ Xα
⊔
_� &ñ
_�\� _��#�

= Xε t⊔
ε+1≤α<δ Xα

⊔
_� &ñ
_�ü< �̧¹¡§&ñ
o� 2\� _��#�

= Xε tXε
⊔
_� &ñ
_�ü< )±ú� ��&ñ
\� _��#�

= Xε t_� &ñ
_�\� _��#�
�íô�Ç )±ú�ZO�\� _��#�, ∀δ ∈ O . (ε ≤ δ) ⇒ (Xε = Xδ)s���. 2
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�¿	�̧Ça�h� 4 〈L,v,⊥〉s� ¢-aq� ÂÒì�r í�H"f(CPO)s��¦, F ∈ L
mon→ Ls� 9, {Xδ}δ∈O�� O-í�H\P�

{9� M:, ∀P ∈ L . (F (P ) v P ) ⇒ (∀δ ∈ O . Xδ v P )s���.

¤� ÃZ�. F (P ) v P\�¦ ëß�7á¤���H e��_�_� P ∈ L\�¦ Òqty�����. O-í�H\P�_� &ñ
_�\� _��#�,
⊥ = X0 v Ps���. ��6£§�̀¦ ��&ñ
���()±ú� ��&ñ
):

∀α ∈ O . (α < δ) ⇒ (Xα v P )

ëß���� δ�� ���Ð +' í�H"fÃº�����, )±ú� ��&ñ
\� _�K� Xδ−1 v Ps��¦, F��H éß��̧�<ÊÃºs�Ù¼�Ð:

Xδ = F (Xδ−1) v F (P ) v P

ëß���� δ�� �FGô�Ç í�H"fÃº�����, )±ú� ��&ñ
õ�
⊔
_� &ñ
_�\� _�K�:

Xδ =
⊔

α<δ

Xα v P

�íô�Ç )±ú�ZO�\� _��#�, ∀δ ∈ O . Xδ v Ps���. 2

Ça�h� 1 (í5��¿Áþ�ÊÁ�+ i¦�¿ �§Ça��\�) 〈L,v,⊥〉s� ¢-aq� ÂÒì�r í�H"f(CPO)s��¦, µ�� |{δ | δ ∈
µ}| > |L|�̀¦ ëß�7á¤���H ���©� ����Ér í�H"fÃºs� 9, F ∈ L

mon→ L{9� M:, µ-�½Ó í�H\P� {Xδ}δ∈µ�Ér &ñ
ÀÓ

7£x�� í�H\P�s��¦, Õª��_	כ �FGô�Ç Xε�Ér F_� þj�è �¦&ñ
&h�s���.

¤� ÃZ�. �̧¹¡§&ñ
o� 2\� _��#�, {Xδ}δ∈µ�Ér 7£x�����H ��_þts���. {Xδ}δ∈µs� í�H 7£x��(strictly
increasing)���H ��_þts����¦ ��&ñ
���. 7£¤:

∀γ ∈ O . (γ ∈ µ ∧ (γ + 1) ∈ µ) ⇒ (Xγ 6= Xγ+1)

s�M:, ∀δ ∈ µ . Xδ ∈ Ls�l�M:ë�H\�, {Xδ}δ∈µ\�"f L�Ð����Héß������©�(injective mapping)s�
�>rF�ô�Ç��. 7£¤, |{Xδ}δ∈µ| ≤ |L|s���. Õª�Q�� µ_� &ñ
_�\� _��#�, |{Xδ}δ∈µ| > |L|s�l� M:ë�H
\�, ��&ñ
\� �̧í�Hs���. ����"f:

∃ε . (ε ∈ µ) ∧ ((ε + 1) ∈ µ) ∧ (Xε = Xε+1)

&ñ
ÀÓ í�H\P�_� &ñ
_�ü< �̧¹¡§&ñ
o� 3\� _��#�, {Xδ}δ∈µ�Ér &ñ
ÀÓ í�H\P�s��¦, Õª �FGô�Ç�Ér Xεs���.
s� M:,

Xε = Xε+1 = F (Xε)

s�Ù¼�Ð, Xε�Ér F_� �¦&ñ
&h�s���. �8 ������, �̧¹¡§&ñ
o� 4\� _��#�, F (P ) = P�̀¦ ëß�7á¤���H �̧
��H P ∈ L\� @/K�,

Xε v P

s�Ù¼�Ð, Xε ��H F_� þj�è �¦&ñ
&h�s���. 2

5 ��̧MÎ3+8� AI)o�

F\�¦ ìøÍ4�¤ &h�6 xr�&� ����H ~½ÓZO�Ü¼�Ð þj�è �¦&ñ
&h��̀¦ ½̈���H X< e��#Q"f, F�� éß��̧�<ÊÃº����H �̧
|	��Ér �t ×�æ¹כ���. F\� _�K� 7£x�����H %ò
%i�\� e����H "é¶�è l, 7£¤ l v F (l), \�"f r�����#� F\�¦
>�5Åq &h�6 xr�&� ëß���H Ãº\P��Ér, F�� éß��̧�<ÊÃº{9�M:, ��_þt(chain)s� ÷&l� M:ë�Hs���.
ìøÍ4�¤ &h�6 x ~½ÓZO�Ü¼�Ð þj�è�¦&ñ
&h��̀¦ ½̈���H ~½ÓZO�\���H ��6£§õ� °ú �Ér f���'as� {����e����. F\�¦

&h�6 xr�&�ô�Çéß�>�·ú¡Ü¼�Ð��������HÛ¼9\��Érí�H"fÃº(ordinal number)>h¥Æ�Ü¼�Ð"f���m��°úכs�
7£x���>� �)a��. F\�¦ %�6£§ÂÒ'� &h�6 xr���� S��Ãº��H l�Ãº(cardinal number, |9�½+Ë_� ß¼l�) >h¥Æ�
Ü¼�Ð ��t�>� �)a��. s� M:, �̧Bj���\� �>rF����H �̂���[þt_� þj@/ U�́s��Ð�� �8 	�H S��Ãº�Ð F\�¦
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&h�6 xr�v����, F\� _�K� ëß�[þt#Q��� �̂����Ér ìøÍ×¼r� Ãº§4���¦, Õª �FGô�Ç°úכs� þj�è�¦&ñ
&h�s� �)a��.
(&ñ
o� 1[éß��̧�<ÊÃº_� þj�è �¦&ñ
&h�])
¿º��t� 7áxÀÓ_� �̧Bj���\� @/�#� s�ü< °ú �Ér ��z�́�̀¦ 6£§p�K��Ð��. �̧Bj���s� 7£x�����H�̂���

�̧|	�(ascending chain condition)�̀¦��&������,Ä»ô�Çô�Ç"é¶�è�Ð ½̈$í
s�÷&#Qe�������,Õª �̧Bj���
_� �̂���[þt_� þj@/ U�́s���H Ä»ô�Ç���. 7£¤, �����Ãºs���. �̧��H �����Ãº n\� @/�#� Õª n�Ð�� l�
Ãº(cardinal number, |9�½+Ë_� ß¼l�)>h¥Æ�Ü¼�Ð+� ô�Çéß�>� 	�H Ãº��H n + 1s��¦, {©����y� �����Ãºs�
��. ����"f F\�¦ n + 1���ëß�, 7£¤ �����Ãºëß��puëß�, &h�6 xr�&������ þj�è�¦&ñ
&h�Ü¼�Ð Ãº§4�ô�Ç��. s�
��Ér	כ f���'a&h�Ü¼�Ð ~1�>� s�K��� ����H ÂÒì�rs���. ÕªXO������ �̧Bj���_� "é¶�è_� >hÃº�� Áºô�Ç����
"f 7£x�����H �̂����̧|	��̀¦ ��t�t� ·ú§��¤�̀¦ �â
Äº��H #Q�"���? s� M:, �̧Bj���_� �̂���_� þj@/ U�́s�
��H �̧Bj���_�"é¶�è_�>hÃº(cardinality)s���. ℵα���¦���. ����"f F\�¦ ℵα�Ð��l�Ãº(cardinal
number, |9�½+Ë_� ß¼l�)>h¥Æ�Ü¼�Ð+� ô�Çéß�>� 	�H Ãº ëß��pu &h�6 xr�&��� ô�Ç��. Õª Ãº�� ���Ð µ-�½Ó
í�H\P�_� µs���. &ñ
_�\�¦ �Ð��. \V\�¦ [þt#Q, �̧Bj���_� "é¶�è_� >hÃº�� �����Ãº|9�½+Ë_� "é¶�è >h
Ãº(ℵ0)ëß��pu �>rF�ô�Ç�����,4 F\�¦ z�́Ãº|9�½+Ë_� "é¶�è >hÃº(ℵ1)ëß��pu &h�6 xr�&� ����� þj�è�¦&ñ
&h�\�
Ãº§4����H �.���s	כ "fÃº(ordinal number)>h¥Æ�Ü¼�Ð ú́�������, ω1���P: Û¼9\�\�"f Ãº§4�ô�Ç���¦

�̂¦ Ãº e����. ��z�́ ω0 + 1���P: Û¼9\�\�"f Ãº§4����H >� ��u�́�����¦ Òqty��½+É Ãº e��t�ëß�, Õª Û¼
9\���t� &h�6 xr���� ��Ér	כ l�Ãº(cardinal number, |9�½+Ë_� ß¼l�)>h¥Æ�Ü¼�Ð+� ω0��� &h�6 xr���� ��õ	כ

S��Ãº_� 	�s��� \O���. ����"f s� 7£x"î
�Ér Ä»ô�Çô�Ç �̧Bj���\� @/�#� Äºo��� ~1�>� ��&��~�� f���'a
�̀¦ Áºô�Çô�Ç �̧Bj���\� Õª@/�Ð SX��©�r���� ��\	כ Ô�¦õ����.

6 +ä�P�: Zï=z� �m��M�

�=s��%3&÷�<�¦̀�	כ���H��?. éß��̧�<ÊÃº\�"f�̧ þj�è�¦&ñ
&h�s��>rF��<Ê�̀¦·ú�>�÷&%3��¦,¢-aq����
��(complete lattice)\�"f 7£x"î
ô�Ç �7Hë�H�̀¦ �Ð>�÷&%3���. Õª �7Hë�H_� 7£x"î
�̀¦ �Ðm�, ¢-aq�ÂÒì�rí�H"f
|9�½+Ë(CPO)s�����H �̧|	�ëß� e��#Q�̧ |̈c �	כ °ú ��, f��]X� 7£x"î
�̀¦ �>� ÷&%3���.
��Ö�¦�Q, þj�è �¦&ñ
&h�(least fixpoint), í�H"fÃº(ordinal number), �íô�Ç )±ú�ZO�(transfinite in-

duction)_� >h¥Æ�s� e��ņqu� ·ú§�Ér s�[þt\�>� �̧¹¡§s� ÷&l� 0A�<Ês���.

���Ér ��õ	כ -$�� ���Ér��?. s���Ér	כ ¢-aq�ÂÒì�rí�H"f|9�½+Ë(CPO)\�"f éß��̧�<ÊÃº $í
|9�ëß� ëß�7á¤�
��� þj�è�¦&ñ
&h�s� �>rF�� 9, ìøÍ4�¤K�"f �<ÊÃº\�¦ &h�6 xK�����H õ�&ñ
�̀¦ ��5g Õª�¦̀�	כ ½̈½+É Ãº e��6£§
�̀¦ 7£x"î
ô�Ç�.���s	כ

Áº��H Ä»6 x�<Ês� e����H��?. s���Ér	כ þj�è�¦&ñ
&h�s� �>rF������ ½̈½+É Ãº e��6£§�̀¦ ��&ñ
��¦ e��
��H s��:r�̀¦ [jÖ�¦ M:\�¦ %i�¿º\� ¿º�¦ s�ÀÒ#Q��� ���\O�s���. ��0px���� ����Ér �̧|	��̀¦ ¿º��H ��s	כ 7£x
"î
����� ��×�æ\� s�6 x÷&l� ¼#��l� M:ë�Hs���.
½̈�&³\� �í&h��̀¦ ¿ºt� ·ú§��¤��. ��z�́ �̧Bj���s� Ä»ô�Çô�Ç �â
Äº, éß��̧�<ÊÃº����� ���5Åq�<ÊÃºs�l�M:

ë�H\� Z>� ë�H]j\O���. Õª�Q�� �̧Bj���s� Áºô�Ç�>�÷&���, q�2�¤ ���5Åq�<ÊÃº$í
|9�s� e��#Q"f �����Ãº #3�
0A?/\�"fëß� ìøÍ4�¤�̀¦ ô�Ç��½+Ét����̧, z�́]j�Ð ½̈�&³�l��'p �-Áº q���l� M:ë�H\�, �����Ãº #3�0A��
����� �íô�Çô�Ç éß�>���t� ìøÍ4�¤�̀¦ K������H ÂÒ{��õ� Z>��Ð 	�s��� \O���.

s� 7£x"î
s� ���Ér 7£x"î
_� {9�ìøÍ�o�����?. 'Í	P:�Ð, ¢-aq� �����(complete lattice) �̧|	��Ér ���)�
�O\¹כ��9��. ÑütP:�Ð, ���5Åq�<ÊÃº�����, �íô�Çô�Ç éß�>���t� �t� ·ú§�¦ �����Ãº Û¼9\� îß�\�"f =åQz���̀¦
�Ð{9� Ãº e����.
7£x"î
. ��6£§s� ��z�́s���.

Fω =
⊔

i∈N
F i =

⊔

i∈N
F i+1 v F (

⊔

i∈N
F i) = F (Fω) = Fω+1

4���©� {9�ìøÍ&h���� �â
Äº{9� �.���s	כ
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��î�rX< v�� =s� �)a�����, Fω�� �¦&ñ
&h�s��¦, Lemma (Upper bound of iteration)\� _�K� þj
�è�¦&ñ
&h�s���. s� ��&ñ
s� ���Ð ���5Åq�<ÊÃº_� �̧|	�s��¦, Õª M: Fω�� ��l�"f ú́����H þj�è�¦&ñ


&h�s���. ����"f s� 7£x"î
�Ér ���5Åq�<ÊÃº_� �â
Äº\�¦ �í[O�ô�Ç��. 2

í�H"fÃº(ordinals)\�"f��H Õüw��\�¦ |9�½+ËÜ¼�Ð �Ð��HX<, ÕªA��̧ ÷&��H|	���?. ��z�́ Äºo��� ��6 x
ô�Ç Õüw��\� #Q�"� _�p�\�¦ é�H &h�s� \O���. éß�í�Hy� Õüw��\�¦ �8��¦ Y�LÙþ¡�̀¦ M:, ���Ér Õüw���Ð @/6£x
s� H�d�̀¦ ·ú��¦ e���̀¦ ÷�rs���. Õüw��\� |9�½+Ë_�p�\�¦ ¿º~�� ���Ér _�p�\�¦ ¿º~��t� �©��'a\O���. _�p�\�¦
¿º÷&, Õª_�p�\�¦��t��¦l��:r&h�������íß��̀¦&ñ
_�K�"f, l��>r_����íß�[þts��~��{9��̀¦1lx{9��>��
l�ëß� ���� �)a��.

f���'a&h�Ü¼�Ð ����:r�̀¦ s�K����HX< =�G ¹ô�Çכ��9 >h¥Æ��Ér?. ô�Ç éß�>� ·ú¡Ü¼�Ð ��������H Û¼9\��Ér "f
Ãº(ordinal number) >h¥Æ�s��¦, Û¼9\�_� S��Ãº��H l�Ãº(cardinal number, |9�½+Ë_� ß¼l�) >h¥Æ�s�
��. Ä»ô�Çô�Ç éß�>�\�"f��H ¿º >h¥Æ�s� 1lx{9����. 7£¤, ô�Ç éß�>� ·ú¡Ü¼�Ð ���������, Û¼9\�_� S��Ãº�̧
1m�� 7£x��ô�Ç��. �t�ëß�, Áºô�Çô�Ç éß�>�\�"f��H ÕªXO�t� ·ú§��. Áºô�Çô�Ç éß�>�\�"f��H ô�Ç éß�>� ·ú¡Ü¼
�Ð ������"f ô�Ç ��� �8 Û¼9\��̀¦ µ1á��H���#��̧, ����̂ Û¼9\�_� S��Ãº(|9�½+Ë_� ß¼l�)��H Zþt#Q��t� ·ú§
��H��. s� >h¥Æ��̀¦ s�K�����, f���'a&h�Ü¼�Ð ����:r�̀¦ s�K��l� /'Ö�¦ �.���s	כ

~����q� ¼â�

þj�è�¦&ñ
&h�\� �'aô�Ç �Ð�:r�̀¦ :�xK� f���'a&h� s�K�\�¦ �̧ü<ÅÒ��� �̂�F�S!�_��a� y����\�¦ ×¼�2;��.

���z�'Ö<gY@
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