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�¦����7Ho��Ð³ð�&³
�l�#Q�9î�r(��ÉÓ'�õ��<Æ_�#��Q��t�ë�H]j\�¦��ÀÒ��HX<\���H1lq:£¤ô�Ç

+þAI�_� q��¦��� �7Ho�[þts� s�6 x�)a��. #�l�"f��H (��ÉÓ'� õ��<Æ :£¤y� áÔ�ÐÕªÏþ� ì�r$3�õ� ���
7£x ì�r��\� s��:r&h���� l�ìøÍ�̀¦ +þA$í

��¦ e����H �7Ho� ×�æ\�"f ���ª�ô�Ç 6£x6 xs� l�@/÷&��H �ª�

�©� �7Ho�_� l��:r&h���� >h¥Æ��̀¦ &ñ
o�
��¦ �¦��� �7Ho�ü<_� 1lq:£¤ô�Ç 	�s� 1px�̀¦ [O�"î
ô�Ç��.

1 "k &è<

Ãº�<Æ\�"f íß�Õüt >�íß��̀¦ �̂>��o
���H ���:�xõ� ��ðøÍ��t��Ð, �7Ho� >�íß��̀¦ �̂>��o
���H r��̧ü< õ�
&ñ
 ×�æ\� (��ÉÓ'� õ��<Æs� òøÍÒqtô�Ç %i���&h���� ��z�́�Ér ú̧� ·ú��94R e����[3]. �7Ho��<Æ_� µ1Ï��� õ�&ñ
 ×�æ
\�"f òøÍÒqtô�Ç (��ÉÓ'� õ��<Æs� �7Ho��<Æõ� �©� ñ ���>�$í
�̀¦ Ä»t�
����"f µ1Ï���
���H ��Ér	כ Z�t��î�r {9�

s� ��m���. �8 ������ �&³@/ �7Ho��<Æ�Ér Ãºo� �7Ho��<Æõ� (��ÉÓ'� õ��<Æs� �<Êa� µ1Ï���r�v��¦ e����
�¦ K��̧ Áºo���H \O��̀¦ �	כ °ú ��. s���Ér	כ ���ª�
��¦ Û�æÂÒô�Ç ³ð�&³§4��̀¦ ����� �7Ho� ���#Qü< �̀¦��ØÔ
�¦(sound)¢-a���ô�Ç(complete)7£x"î
 �̂>�(proof system),���#Q_�³ð�&³\�@/ô�Çf���'a&h����K�$3��̀¦
ÅÒ��H _�p�½̈�̧(semantics; model; structure) 1px �7Ho�\� @/ô�Ç ���½̈_� �¹Ø�æìכ��9r ,4]�	|¹כ 6][þt
s� ¿º ì�r��\� /BN:�x&h�Ü¼�Ð ������l� M:ë�H{9� �.���s	כ
áÔ�ÐÕªA�bç
 ���#Q ì�r����H ���:�x&h�Ü¼�Ð ÅÒ�)a ���½̈ @/�©���� áÔ�ÐÕªA�bç
 ���#Q_� [O�>�ü< ½̈�&³

÷�r��m���,áÔ�ÐÕªÏþ�ì�r$3�1px�̀¦:�xô�ÇáÔ�ÐÕªA�bç
���#Q_� ò́õ�&h����s�6 x\�@/ô�Ç���½̈�� s��:r
õ� z�́]j\� ���5g ú́§�Ér \O�&h��̀¦ z����M®o��. þj��H [þt#Q áÔ�ÐÕªÏþ� ���7£x\� @/ô�Ç �'ad��s� ‘��r�’ Z�}��
t����"f Õª l�ìøÍs����¦ ½+É Ãº e����H �7Ho�\� @/ô�Ç ���½̈ü< �'ad��s� B�Äº �¦�̧÷&#Q e����. :£¤y� {9�
>� �7Ho�(first-order logic)ü< °ú �Ér �¦��� �7Ho� ÷�r ��m��� Hoare �7Ho�, �ª��©� �7Ho�(modal logic),
r�]j �7Ho�(temporal logic), 1lx&h� �7Ho�(dynamic logic) 1px ���ª�ô�Ç +þAI�_� q��¦��� �7Ho�[þts� �'a
d��_� @/�©�s� ÷&�¦ e����.
�ª��©� �7Ho���H ‘Ãº�<Æ_� l��í’\� @/ô�Ç ���½̈�Ð 8ú¤µ1Ï�)a 20[jl��í_� ���1lxl�\�"f òøÍÒqt
�#� ���Ér
q��¦��� �7Ho�[þt �Ð�� �̧�½� %i���\�¦ ��t��¦ e���̀¦ ÷�r ��m���, r�]j �7Ho�ü< PDL(propositional
dynamic logic), l�Õüt �7Ho�(description logic) 1px ���ª�ô�Ç �&³@/ �7Ho�[þt_� {9�ìøÍ+þAÜ¼�Ð �̂¦ Ãº e��
����H &h�\�"f ÅÒ3lq½+É ëß�ô�Ç ��u��� e����[1]. �:r �7Hë�H�Ér �ª��©� �7Ho�\� {���¦ e����H l��:r&h���� Òqty��
[þt�̀¦ &ñ
o�
��¦ s�K�½+É 3lq&h�Ü¼�Ð �(#�&����. ����"f �ª��©� �7Ho�\� @/ô�Ç Û�æÂÒô�Ç s��:r�Ér �í�<Ê÷&
#Q e��t� ·ú§��. �:r �7Hë�H\�"f��H �7Ho�_� 3@/ ½̈$í
 ���¹�èכ ���#Qü< 7£x"î
 �̂>�, _�p�½̈�̧�� �ª��©�
�7Ho�\�"f��H #Q*�ô�Ç +þAI�\�¦ °ú���Ht�\�¦ ���#Qü< _�p�½̈�̧ ×�æd��Ü¼�Ð [O�"î

��¦ 7£x"î
 �̂>�ü< _�

p�½̈�̧ ��s�_� :£¤Z>�ô�Ç �'a>�\�¦ [O�"î
ô�Ç��. s��Qô�Ç [O�"î
�̀¦ ò́õ�&h�Ü¼�Ð 
�l� 0AK�"f 3]X�\�"f��H
çß�éß�ô�Ç �ª��©� �7Ho�\�¦ @/�©�Ü¼�Ð [O�"î
ô�Ç Êê\� 4]X�\�"f {9�ìøÍ+þAÜ¼�Ð SX��©�
�#� [O�"î
ô�Ç��. 5]X�\�
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"f��H 7£x"î
 �̂>�ü< _�p�½̈�̧çß�_� �'a>�\�¦ [O�"î

��¦ 6]X�\�"f��H l�@/÷&��H 6£x6 x ì�r��[þt�Ð ë�B6£§
�̀¦ ô�Ç��. Õª�Ð�� ���$� �ª��©�s�êøÍ ��s	כ ���ª�ô�Ç +þAI��Ð �>rF�ô�Ç����H �¦̀�	כ 2]X�\�"f [O�"î
ô�Ç��.

2 �è¡�ç¡

�ª��©� �7Ho���H ú́� Õª@/�Ð �ª��©�(` ; �ª�d��(`M); modality)�̀¦ ��ÀÒ��H �7Ho� �̂>�s���. �ª��©��Ér
l��:r&h�Ü¼�Ð ‘...s� �9����&h�s���’ü< ‘...s� ��0px
���’ü< °ú �Ér ³ð�&³�̀¦ _�p�ô�Ç��. �̧Zþt±ú� Äºo���
�ª��©� �7Ho����¦ {9�(����H �7Ho� �̂>���H Lewis_� ���½̈\�"f q�2�©÷&%3����¦ ·ú��94R e����[1]1. ���Ü¼
�Ð ��������H �7Ho�d��_� +þAI��Ð �̂¦ M: �ª��©� �7Ho�_� ���#Q��H éß�í�Hy� "î
]j �7Ho� ���#Q\� Y>� >h_�

�ª��©� ���íß���\�¦ ÆÒ���<ÊÜ¼�Ð+� %3�#Q��� �,¦��s	כ �7Ho�d��_� _�p�\�¦ K�$3��<Ê\� e��#Q"f��H �'a>� ½̈
�̧(relational structure)\�¦ l�Õüt
���H �7Ho����¦ ú́�½+É Ãº e����[2].
#�l�"f ÅÒ3lq½+É ��Ér	כ ‘...s� �9����&h�s���’ ¢̧��H ‘...s� ��0px
���’ü< °ú �Ér �ª��©� ³ð�&³ ÷�r ��m���

�s̀��� ���ª�ô�Ç +þAI�_� �ª��©�s� �>rF�½+É Ãº e������H �.���s	כ �ª��©� ³ð�&³_� +þAI��Ð #Q�"� �¦þt�̀]	כ �í
�<Ê
�Ö¼��\� ����"f b��6£§(belief), r�çß�(tense), î�ro�(deontic) 1px\� �'aô�Ç �7Ho��Ð"f ô=�<Æ&h����
�7H_�_� +þAd��&h���� ì�r$3�\� s�6 x|̈c Ãº e����. ³ð 1�Ér �ª��©� �7Ho�_� ���ª�ô�Ç +þAI�ü< �'aº�� �ª��©� ³ð
�&³[þt�̀¦ �ª��©� ���íß���\�¦ s�6 xô�Ç �7Ho�d��õ� �<Êa� �Ð#�ï�r��.

Alethic 2 φ : φ ��H �9����&h�s���
3 φ : φ ��H ��0px
���

O φ : φ ��H _�Áºs���
Deontic P φ : φ ��H )�6 x�)a��

F φ : φ ��H �FKt�s���

G φ : φ ��H p�A�\���H �½Ó�©� �ÃÐ{9� ����s	כ
Temporal F φ : φ ��H p�A�_� #QÖ¼ í�Hçß�\���H �ÃÐs� |̈c ����s	כ

H φ : φ ��H õ���\���H �½Ó�©� �ÃÐs�%3���
P φ : φ ��H õ���_� #QÖ¼ í�Hçß�\� �ÃÐs�%3���

Doxastic 2x φ : x ��H φ ���¦ b����H��

Epistemic 2x φ : x ��H φ ����H �¦̀�	כ îß���

Provability 2 φ : φ ��H 7£x"î
 ��0px
���

[�¢ I]1mm ���è¡Â6Ò �è¡�ç¡ $ã<P�;c 60Â6Ò �è¡�ç¡ a:@»ÿ���ã# �è¡�ç¡ �¢g̀@

�ª��©� ���íß���[þt�Ér ô�Ç >h�� ¿º >h�� ��6 x|̈c M:\���H 2ü< 3�� ��6 x÷&�¦ [j >h s��©�_� �ª��©� ���

íß���\�¦ �í�<Ê
���H �â
Äº��H �Ð:�x ��\V ���Ér s�2£§�̀¦ æ¼l��̧ ô�Ç��.

1MacColl_� ���½̈�� Lewis_� �¦̀�	כ ·ú¡$3�t�ëß� s���Ér	כ �̧Zþt±ú� �ª��©� �7Ho�ü<��H ��o��� e����.
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3 µÿ�·ÿ�Â6Ò �è¡�ç¡ a�@#eã# q�Q�¦��Ð

s�]jÂÒ'���H �ª��©� �7Ho�\�¦ +þAd��&h�Ü¼�Ð &ñ
_�
��¦ Õª l��:r >h¥Æ��̀¦ [O�"î
ô�Ç��. ���$� ���©� çß�éß�ô�Ç
�ª��©� �7Ho�\�¦ &ñ
_�
�#� �Ð��. +'\� &ñ
_�|̈c {9�ìøÍ+þAõ� ½̈Z>�
�l� 0AK� s�\�¦ l��:r �ª��©� �7Ho���
�¦ 
���. l��:r �ª��©� �7Ho�d���̀¦ Òqt$í

���H l� ñ[þt_� |9�½+Ë�Ér ��6£§ |9�½+Ë[þt_� ½+Ë|9�½+Ës���:

– "î
]j l� ñ_� |9�½+Ë Φ = {p, q, ...}
– "î
]j �7Ho� ��������_� |9�½+Ë = {¬,∧,>}
– �ª��©� ���íß���_� |9�½+Ë = {2}

"î
]j �7Ho�\�"fü< °ú s� ∨ ¢̧��H →, ↔, ⊥ 1px�Ér 0A_� "î
]j �7Ho� ��������[þt�ÐÂÒ'� &ñ
_�|̈c Ãº e��
��. ¢̧ô�Ç �ª��©� ���íß��� 3�̧ 2�ÐÂÒ'� &ñ
_�½+É Ãº e��Ü¼Ù¼�Ð "î
r�&h�Ü¼�Ð �í�<Êr�v�t� ·ú§��¤��. l�
 ñ[þt_� |9�½+ËÜ¼�ÐÂÒ'� %3�#Qt���H �̧��H ë�H��\P� ×�æ\�"f ��6£§_� ½©gË:�̀¦ ��ØÔ��H ��þts]	כ l��:r �ª�

�©� �7Ho�_� ���#Q\�¦ ½̈$í

���H ú̧�-&ñ
_��)a(well-formed) �7Ho�d��[þts���:

φ ::= p | > | ¬φ | φ ∧ ψ | 2φ

#�l�"f φü< ψ��H l��:r �ª��©� �7Ho�d���̀¦ ����?/�¦, �ª��©� ���íß�����H éß��½Ó ���íß����Ð"f ¬õ� °ú �Ér
���íß� í�H0A\�¦ �������. ��6£§�Ér ���Ér �7Ho� ��������ü< �ª��©� ���íß���\�¦ 0A_� ���#Q ½©gË:�̀¦ s�6 x
�
#� &ñ
_�½+É Ãº e������H �¦̀�	כ �Ð#�ï�r��:

φ ∨ ψ = ¬(¬φ ∧ ¬ψ)
φ → ψ = ¬(φ ∧ ¬ψ)
φ ↔ ψ = (φ→ ψ) ∧ (ψ → φ)

⊥ = ¬>
3φ = ¬2¬φ

s�XO�>�ëß�[þt#Q���l��:r�ª��©��7Ho�d��s��ÃÐ���t���f±	���t�\�¦K�$3�
�l�0AK�"f��H�ª��©��7Ho�d��_�

_�p�\�¦ &ñ
_�½+É ��¹כ��9 e����. �ª��©� �7Ho�d��_� _�p�½̈�̧��H �'a>� ½̈�̧(relational structure)�Ð"f
Kripke s�Êê\� ��0px [j>�(possible worlds) _�p�½̈�̧�� ���©� V,�o� ~ÃÎ��[þt#�t��¦ e����. �ª��©�
�7Ho�_� ��0px [j>� _�p�½̈�̧��H ß¼>� Y�J�̧(frame)ü< �̧4Sq(model)�Ð ��¾º#Q [O�"î
½+É Ãº e����.
l��:r�ª��©��7Ho�\�¦0Aô�ÇY�J�̧��H F = (W,R)�Ð����?/#Qt��¦#�l�"fW��H �̧��H��0px[j>�[þt

_�|9�½+ËÜ¼�Ð/BN|9�½+Ës���m��¦, R�Érs��½Ó�'a>��Ð"f R ⊆W ×Ws���. ¢̧ô�Çl��:r�ª��©��7Ho�\�
@/ô�Ç �̧4Sq�ÉrY�J�̧ F\�¦s�6 x
�#�M = (F, V )ü<°ú s�����?/#Qt��¦,#�l�"f V : Φ → P(W )��H
î̈
�� �<ÊÃº�Ð"f l��:r �ª��©� �7Ho�d��s� ÅÒ#Qt���� ÅÒ#Q��� �7Ho�d��s� �ÃÐ��� ��0px [j>�[þt_� |9�½+Ë�̀¦

|	�W1ï�r��.
s�XO�>� l��:r �ª��©� �7Ho�_� _�p�½̈�̧�� ���&ñ
÷&��� ëß�7á¤ �'a>�(satisfaction relation) �\�¦ F�)

&h�Ü¼�Ð &ñ
_�½+É Ãº e����HX<,

M, w � φ

��H ÅÒ#Q��� �̧4Sq M_� ��0px [j>� w\�"f l��:r �ª��©� �7Ho�d�� φ�� �ÃÐe���̀¦ _�p�ô�Ç��. ÅÒ#Q��� �̧
4Sqõ� ��0px [j>�\�"f ÅÒ#Q��� l��:r �ª��©� �7Ho�d��s� �ÃÐs� ÷&��H �̧|	��Ér ��6£§õ� °ú ��.

M, w � p if w ∈ V (p), where p ∈ Φ
M, w � > if always

M, w � ¬φ if M, w 2 φ

M, w � φ ∧ ψ if M, w � φ and M, w � ψ

M, w � 2φ if for every v ∈W such that Rwv, we have M, v � φ
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���_� �7Ho�d��s� ����� �7Ho�d��_� |9�½+Ë\� @/K�"f�̧ q�5pwô�Ç ~½ÓZO�Ü¼�Ð ëß�7á¤ �'a>�\�¦ &ñ
_�½+É Ãº

e����HX<, �7Ho�d��_� |9�½+Ë Σ�� ÅÒ#Qt����

M, w � Σ if all members of Σ are true at w

ü< °ú s� &ñ
_��)a��. #�l�"f � l� ñ��H çß�éß�
�>� 
�l� 0AK� F���6 x÷&%3���. ëß�7á¤ �'a>�\�¦ s�6 x
�
��� î̈
�� �<ÊÃº V\�¦ ��6£§õ� °ú s� &ñ
_�½+É Ãº e����.

V (φ) = {w | M, w � φ}

ÅÒ#Q��� �7Ho�d�� φ�� 
���_� �̧4Sq M\�"f ����̂&h�Ü¼�Ð(globally) ¢̧��H {9�ìøÍ&h�Ü¼

�Ð(universally) �ÃÐs����¦ ú́�½+É M:\���H

M � φ if M, w � φ for all w ∈W

ü< °ú s� ��H��. ¢̧ô�Ç �7Ho�d�� φ�� 
���_� �̧4Sq M\�"f ëß�7á¤��0px(satisfiable)
�����H ��Ér	כ

∃w. M, w � φ

�̀¦ _�p�ô�Ç��. �7Ho�d��_� |9�½+Ë�̧ ÅÒ#Q��� �̧4Sq M\�"f ����̂&h�Ü¼�Ð �ÃÐs������

M � Σ

���¦ æ¼�¦ ��6£§ �̧|	��̀¦ ëß�7á¤ô�Ç��.

M, w � Σ for all w ∈W

¢̧ô�Ç �7Ho�d��_� |9�½+Ë Σ�� �̧4Sq M\�"f ëß�7á¤��0px
�l� 0AK�"f��H

∃w. M, w � Σ

�̀¦ ëß�7á¤K��� ô�Ç��.

[UdV� 1] ��6£§_� Y�J�̧\�¦ Òqty��K� �Ð��. s���Ér	כ r�]j �7Ho�\� ��ÅÒ �̂¦ Ãº e����H ½̈�̧s���.

F = ({w1, w2, w3, w4, w5}, R) where Rwiwj iff j = i+ 1

Y�J�̧ F\�¦ÕªaË>Ü¼�Ð����?/���ÕªaË> 1õ�°ú ��.#�l�\���6£§_� î̈
���<ÊÃº\�¦]j/BN
�#� �̧4SqM�̀¦

[½��Ð� 1] linear time structure

½̈$í
K� �Ð��:

V (p) = {w2, w3}
V (q) = {w1, w2, w3, w4, w5}
V (r) = ∅

Õª�Q��� ��6£§s� �ÃÐs�����H �¦̀�	כ ·ú� Ãº e����.

(1) M, w1 � 32p

(2) M, w1 2 32p→ p
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(3) M, w3 � 3(¬p ∧ ¬r)
(4) M, w1 � q ∧3(q ∧3(q ∧3(q ∧3q)))

[UdV� 2] ÕªaË> 2��H ��6£§_� Y�J�̧ F\�¦ 
�[j(Hasse) ��s�#QÕªÏþ�Ü¼�Ð �����·p �.���s	כ

F = ({1, 2, 3, 4, 6, 8, 12, 24}, R) where Rxy iff x 6= y and x divides y

#�l�\� ��6£§_� î̈
�� �<ÊÃº\�¦ ]j/BN
���. V (p) = {4, 8, 12, 24}, V (q) = {6}

[½��Ð� 2] lattice

Õª�Q��� ��6£§s� �ÃÐe���̀¦ ·ú� Ãº e����.

(1) M, 4 � 2p

(2) M, 2 2 2p

(3) M, 2 � 3(q ∧2p) ∧3(¬q ∧2p)

ëß�7á¤ �'a>�_� &ñ
_�\� _�
���� #Q�"� ÅÒ#Q��� ��0px [j>�\�"f 2�� 3\�¦ :�xK� �ÃÐ, ��f±	�̀¦ ��|9�
M:, �̧��H ��0px [j>�\�¦ @/�©�Ü¼�Ð 
�t� ·ú§�¦ s��½Ó �'a>� R\� _�K� ]X���H ��0pxô�Ç ��0px [j>�ëß��̀¦
@/�©�Ü¼�Ðô�Ç����H����s���m	כ��Érëß�7á¤�'a>�\�¦����or�v���H	כ��¹��e����.sכ�ÅÒ3lq½+É�9¦̀�	כ �̧
y��9 ��0px [j>�[þt ��s�_� ]X���H\� @/ô�Ç "é¶��;&h���� ]jô�Ç�̀¦ º¡§Ü¼�Ð+� �s̀��� ���ª�ô�Ç Y�J�̧\�¦ ��0px


�>� 
���H 0px§4��̀¦ �������. ��r� ú́�K�"f �̧��H ��0px [j>��� ���Ér ��0px [j>��Ð ]X���H ��0px
�>�

��9��� R = W ×W�Ð &ñ

���� ÷&�¦ ìøÍ@/�Ð #Q�"� ���s��̧ Ô�¦)�ô�Ç����� R = ∅�Ð &ñ

���� �)a��.
����̂&h�Ü¼�Ð 2|W×W |��t�_� ���ª�ô�Ç s��½Ó �'a>��� e��Ü¼Ù¼�Ð Õªëß��pu ���ª�ô�Ç Y�J�̧\�¦ +þA$í
½+É Ãº

e����.

4 G�Bºÿ� �è¡�ç¡ a�@#eã# q�Q�¦��Ð

s�]j �ª��©� �7Ho�\�¦ {9�ìøÍ+þAÜ¼�Ð SX��©�
�l� 0AK� ¹ô�Çכ��9 �ª��©� Ä»��$í
 Ä»+þA(modal similar-
ity type)�̀¦ &ñ
_�ô�Ç��. Ä»��$í
 Ä»+þA τ��H ÈÓe�¦ (O, ρ)�Ð &ñ
_�÷&�¦ #�l�"f O��H �ª��©� ���íß���
4,40,41, ..._� |9�½+ËÜ¼�Ð /BN|9�½+Ës� ��m��¦, ρ��H y�� �ª��©� ���íß���_� x����íß��� >hÃº\�¦ ÅÒ��H �<Ê
Ãº O → Ns���. ��z�́, ·ú¡\�"f &ñ
_��)a l��:r �ª��©� �7Ho�\�"f��H éß� 
���_� éß��½Ó �ª��©� ���íß�����
�>rF�
��¦ s�\�¦ 2�Ð ³ðr�ô�Ç �.���s	כ ëß�{9� ¿º >h s��©�_� éß��½Ó ���íß����� �>rF�ô�Ç����� 2\� '����

\�¦ ·¡­#�"f ½̈Z>�
��̧2�¤ ½+É Ãº e����. 7£¤, 2a ¢̧��H [a] ü< °ú s� ����è­q Ãº e����. #�l�"f a��H :£¤
&ñ
ô�Ç '���� |9�½+Ë_� "é¶�ès���.
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{9�ìøÍ �ª��©� �7Ho�(¢̧��H Õªzª� �ª��©� �7Ho�)_� ���#Q ML(τ,Φ)�Ér �ª��©� Ä»��$í
 Ä»+þA τ = (O, ρ)ü<
"î
]j l� ñ |9�½+Ë Φ\�¦ s�6 x
�#� ½̈$í
�)a��. �ª��©� �7Ho�_� �7Ho�d��[þt�Ér |9�½+Ë Form(τ,Φ)Ü¼�Ð ³ð
r�÷&��HX< ��6£§_� ½©gË:\� _�K� ÅÒ#Q�����. #�l�"f p ∈ Φ s���.

φ := p | ⊥ | ¬φ | φ1 ∧ φ2 | 4(φ1, ..., φρ(4))

x����íß���\�¦ °ú�t� ·ú§��H �ª��©� ���íß�����H �ª��©� �©�Ãº(modal constant; nullary modality)��
�¦ 
���HX<, s�\�¦ ]jü@ô�Ç �̧��H �ª��©� ���íß��� 4 ∈ O��H �©�@/ ∇\�¦ °ú��¦ ∇(φ1, ..., φn) =
¬4(¬φ1, ...,¬φn) ü< °ú s� &ñ
_��)a��. l��:r �ª��©� �7Ho�\�"f��H 2_� �©�@/\�¦ 3�Ð ³ðr�ô�Ç��. ��
��"f 2a ¢̧��H [a]_� �©�@/��H 3a ¢̧��H 〈a〉s���.
{9�ìøÍ �ª��©� �7Ho�_� _�p�½̈�̧\�¦ &ñ
_�K� �Ð��. {9�ìøÍ �ª��©� �7Ho�_� Y�J�̧��H Ä»��$í
 Ä»+þA τ\� _�
K�:£¤fç
t�#Qt���HX<,s��:�ÉrY�J�̧_�¿º���P	כ ½̈$í

�¹�è��éßכ���_��'a>���������'a>�[þt_�|9�
½+Ës� ÷&�¦ y�� �'a>�[þt�Ér τ_� y�� �ª��©� ���íß���\� ���½+Ë÷&#Q t�l� M:ë�Hs���. ����"f {9�ìøÍ �ª��©�
�7Ho�\�"f_�Y�J�̧��HÄ»��$í
Ä»+þA�̀¦"î
r�&h�Ü¼�Ð����?/�¦��½+ÉM: ‘τ−Y�J�̧’���¦
��¦��6£§õ�
°ú s� ³ðr�ô�Ç��. s�M: τ��H çß�éß�ô�Ç ³ðl�\�¦ 0AK� ρ\�¦ Òqt|ÄÌ
��¦ Oü< ½̈Z>�
�t� ·ú§l��Ð ô�Ç��.

F = (W,R4)4∈τ ¢̧��H F = (W, {R4 | 4 ∈ τ})

#�l�"fÄ»��$í
Ä»+þA τ_�"é¶�è����ª��©����íß���4s� n>h_�x����íß���\�¦°ú���H���¦½+ÉM:(n ≥ 0),
(n+ 1)�½Ó �'a>� R4�� �í�<Ê�)a��.
τ−�̧4Sq�̧ ��ðøÍ��t��Ð &ñ
_�÷&��HX<, M = (F, V ) ü< °ú s� ³ðr�÷&�¦ F��H τ−Y�J�̧s��¦ V :

Φ → P(W )��H î̈
�� �<ÊÃºs���.
s�]j ëß�7á¤ �'a>�\�¦ ��6£§õ� °ú s� ��r� &ñ
_�½+É Ãº e����.

M, w � p if w ∈ V (p), where p ∈ Φ
M, w � > if always

M, w � ¬φ if M, w 2 φ

M, w � φ ∧ ψ if M, w � φ and M, w � ψ

M, w � 4(φ1, ..., φn) if for every v1, ..., vn ∈W such that R4wv1...vn,

we have, for each i, M, vi � φi

s�M: ρ(4) = 0 s����

M, w � 4 if w ∈ R4
�Ð &ñ
_��)a��. R4�Ér ��0px [j>�[þt_� |9�½+ËÜ¼�Ð"f 4�Ér "î
]j pü< q�5pw
�>� Òqty��|̈c Ãº e����. Õª
�Q�� "î
Ñþ�ô�Ç 	�s��� e����HX< Õª��Ér	כ "î
]j p��H î̈
�� �<ÊÃº�� ÅÒ#Q4R��ëß� ���o�°ú̀�כ¦ ·ú� Ãº e��l�
M:ë�H\� ÅÒ#Q��� �̧4Sq\�"fëß� K�$3�|̈c Ãº e����H X<\� ìøÍK�, 4�Ér î̈
�� �<ÊÃºü< �'a>�\O�Ü¼Ù¼�Ð Y�J
�̧\�"f 7£¤, �̧��H î̈
�� �<ÊÃº\� @/
�#� °ú �Ér ���o�°úכÜ¼�Ð K�$3�|̈c Ãº e����.

[UdV� 3] �ª��©� Ä»��$í
 Ä»+þA τ = ({4,�}, {4 7→ 2,� 7→ 3}) \� @/
�#� τ−Y�J�̧ F =
({u, v, w, s}, R4, S�)�� ÅÒ#Q&�����¦ 
���. #�l�"f 3�½Ó �'a>� R4 = {(u, v, w)}õ� 4�½Ó �'a>�
S� = {(u, v, w, s)}s� ÅÒ#Qt��¦ î̈
�� �<ÊÃº�� V (p0) = {v}, V (p1) = {w}, V (p2) = {s} ü< °ú 
���¦ 
���� τ−�̧4Sq�Ér ÕªaË> 3õ� °ú ��. ÕªaË> 3\�"f &h����Ü¼�Ð ³ðr��)a ��Ér	כ S�\�"f �'a>�\�¦ °ú���H
��0px [j>�[þt�̀¦ Óü��Ér �¦��s	כ z�́���Ü¼�Ð ����èß� ��Ér	כ R4\�"f �'a>�e����H ��0px [j>�\�¦ Óü��Ér �	כ
s���. Õª�Q��� ��6£§ �'a>���H ëß�7á¤�)a��.

(1) M, u � 4(p0, p1) → �(p0, p1, p2)

(2) M � 4(p0, p1) → �(p0, p1, p2)
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[½��Ð� 3] multimodal

t��FK��t� �ª��©� �7Ho�d��[þt�Ér �̧4Sq\� @/ô�Ç ���/åL�̀¦ 0AK� �(#�&����. �̧4Sq�Ér Y�J�̧ü< î̈
�� �<ÊÃº
�� ���½+Ë�)a +þAI����X<, î̈
�� �<ÊÃº��H ÅÒ#Q|9� Ãº e����H 
���_� ��YV&h���� &ñ
�Ð\�¦ �����·p��. ��r�
ú́�K�"f, 
���_� Y�J�̧�� ÅÒ#Qt��¦ ��l�\� #Q�"� î̈
�� �<ÊÃº�� ���½+Ë
�Ö¼��\� ����"f #��Q��t�
�̧4Sq�̀¦ Òqt$í

�>� �)a��. #�l�"f î̈
�� �<ÊÃº_� ò́õ�\�¦ Áºr��<ÊÜ¼�Ð+� �ª��©� �7Ho�d��s� Y�J�̧\� @/
ô�Ç ���/åLs� ÷&�̧2�¤ {9�ìøÍ�or�~�́ Ãº e����. s��Qô�Ç >h¥Æ��̀¦ ��{©�$í
(validity)2 ���¦ 
���HX<, ÅÒ#Q
��� �ª��©� �7Ho�d��s� 
���_� Y�J�̧\�"f ��{©�
�����H ��Ér	כ Õª Y�J�̧\�"f ëß�[þt Ãº e����H �̧��H �̧4Sq

\�"f Õª �7Ho�d��s� �ÃÐs�����H �¦̀�	כ _�p�ô�Ç��. s��¦̀�	כ +þAd��&h�Ü¼�Ð ����?/��� ��6£§õ� °ú ��.

F, w � φ iff M, w � φ for every M such that M = (F, V )
F � φ iff F, w � φ for every w ∈W

'Í	���P:��H ÅÒ#Q��� Y�J�̧\�"f :£¤&ñ
 ��0px [j>� w\�¦ "î
r�&h�Ü¼�Ð ���/åLô�Ç �¦��s	כ ¿º���P:��H �̧��H
��0px [j>�\� @/
�#� ���/åL
��¦ e����. s��¦̀�	כ �8 {9�ìøÍ�or�&�"f 
���_� Y�J�̧�� ����� Y�J�̧[þt_�
:£¤&ñ
 �̧e��s��� �̧��H Y�J�̧\� @/
�#� ú́�½+É Ãº e����HX< ��6£§õ� °ú ��.

F � φ iff F � φ for every F in a class of frames F

� φ iff F � φ for every F

#�l�"f Ä»_�½+É ��Ér	כ �ÃÐ��f±	�̀¦ ú́�½+É M:ü< ��{©�$í
�̀¦ ú́�½+É M: ���Ér �©�S!��̀¦ ú́§s� ëß�[þt#Qè­q Ãº

e����HX<, \V\�¦ [þt��� φ ∨ ψü< °ú �Ér �7Ho�d��s� ÕªXO���. 7£¤, φ ∨ ψ�� ��0px [j>� w\�"f �ÃÐs�����H
��Ér	כ φ ¢̧��H ψ s� w\�"f �ÃÐs�����H ��õ	כ 1lxu�s�t�ëß�, φ ∨ ψs� Y�J�̧ F\�"f ��{©�
�����H ��Ér	כ
φ ¢̧��H ψ s� F\�"f ��{©�
�����H �õ���H	כ 1lxu��� ��m���.

[UdV� 4] 3(p ∨ q) → (3p ∨3q) s� �̧��H Y�J�̧\� @/
�#� ��{©�ô�Çt�\�¦ 7£x"î
K� �Ð��.
(7£x"î
) e��_�_� F, w, V \�¦ 2[
��¦ (F, V ), w � 3(p ∨ q) e���̀¦ ��&ñ

���. Õª�Q��� &ñ
_�\� _�K�
"f Rwv s��¦ (F, V ), v � p ∨ q ��� v �� �>rF�ô�Ç��. Õª���X< (F, V ), v � p ∨ q s���� (F, V ), v � p
s����� (F, V ), v � q s���. ����"f (F, V ), w � 3p s����� (F, V ), w � 3q s��¦ #QÖ¼ Aá¤s���H
(F, V ), w � 3p ∨3q s���.

[UdV� 5] 2p→ 22p s� �̧��H Y�J�̧\� @/
�#� ��{©�
�t� ·ú§����H �¦̀�	כ 7£x"î
K� �Ð��.
(7£x"î
) F = ({0, 1, 2}, {(0, 1), (1, 2)}} ü< V (p) = 1 �̀¦ 2[
���� ìøÍYV\�¦ ëß�[þtÃº e����. 7£¤,
(F, V ), 0 � 2p s�t�ëß� (F, V ), 0 � 22p ��H ��m���.

�ª��©� �7Ho�_� _�p�½̈�̧�Ð ëß�[þt#Qt���H �'a>� ½̈�̧��H Y�J�̧ü< �̧4Sqs��¦ s� Ñüt�Ér ÅÒ#Qt���H î̈


�� �<ÊÃº\� _�K�"f ½̈ì�r�)a���¦ ½+É Ãº e����. �̧4Sq\�"f��H �7Ho�d��_� ëß�7á¤ ��0px$í
�̀¦ ú́�
��¦ Y�J

2�¦��� �7Ho�\�"f��H �½Ó���$í
s����¦ ÂÒØÔl��̧ 
���H �Ü¼�Ð	כ 6 x#Q_� �D¥1lx\� Ä»_�
���.
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�̧\�"f��H �7Ho�d��_� ��{©�$í
�̀¦ ú́�ô�Ç��3. ëß�7á¤ ��0px$í
�Ér ÅÒ#Q��� Y�J�̧\� éß� 
���_� î̈
�� �<ÊÃº
\�¦ ���½+Ëô�Ç �̧4Sq\�"f ���/åL÷&�¦, ��{©�$í
�Ér Y�J�̧\� e��_�_� �̧��H î̈
�� �<ÊÃº\�¦ ���½+Ëô�Ç +þAI�\�"f
���/åL�)a��. ����"f �̧4Sq\�"f��H î̈
�� �<ÊÃº_� %i�½+É�Ð ���K�"f Y�J�̧_� $í
|9�s� �©�@/&h�Ü¼�Ð ���>�
�������¦, ìøÍ@/�Ð Y�J�̧\�"f��H Y�J�̧_� $í
|9�s� ÂÒy��÷&t�ëß� î̈
�� �<ÊÃº�� ÅÒ��H ½̈�̂&h���� :£¤fç

�Ér ���������. #�l�"f s� Ñüt ��s�_� ×�æçß� +þAI�\�¦ Òqty��K� �Ð��. 7£¤, éß� 
���_� î̈
�� �<ÊÃº�̧ ��
m��¦e��_�_� �̧��H î̈
���<ÊÃº�̧ �����,�����e����H(admissible) î̈
���<ÊÃº[þtëß�s����½+Ë|̈cÃºe����H
Y�J�̧\�¦ Òqty��½+É Ãº e����HX<, s�\�¦ {9�ìøÍ Y�J�̧(general frame)s����¦ ÂÒ�Ér��4.
Y�J�̧\�¦ l�ìøÍÜ¼�Ð 
���H ��{©�$í
�Ð�� Ãº�<Æ&h�Ü¼�Ð �8 Û�æÂÒô�Ç ��{©�$í
 >h¥Æ��̀¦ ëß�[þt���"f�̧ î̈


�� �<ÊÃº_� :£¤fç
�̀¦ ¢-a���y� C�]j
�t� ·ú§��H ~½Ó¼#�Ü¼�Ð"f {9�ìøÍ Y�J�̧�� �¦îß�÷&%3���. {9�ìøÍ Y�J�̧��H
���íß����� ÆÒ���)a ÂÒÖ�¦ @/Ãº(boolean algebra with operators)\�¦ |9�½+Ë�:r&h���� ³ð�&³Ü¼�Ð ����
�·p �¦����s	כ ½+É Ãº e����HX<, #�l�"f �����e����H î̈
�� �<ÊÃº[þt�Ér �7Ho� ��������ü< �ª��©� ���íß���\�
@/6£x
���H |9�½+Ë ���íß�\� @/
�#� {��)�e����H :£¤Ãºô�Ç |9�½+ËÜ¼�ÐÂÒ'� ëß�[þt#Q�����. s� :£¤Ãºô�Ç |9�½+Ë
\� @/ô�Ç ��[jô�Ç ���½Ó�Ér {9�ìøÍ Y�J�̧_� +þAd��&h���� &ñ
_�\�"f ì�r"î

�>� [þt#Q±ú� �.���s	כ
�7Ho���������\�@/6£x
���H|9�½+Ë���íß��Érs�p� ú̧� ·ú��94Re��t�ëß�,�ª��©����íß���\�@/6£x
���H|9�
½+Ë ���íß��Ér #Q�"� �?���9}	כ ���$� éß��½Ó �ª��©� ���íß��� 2\�¦ Òqty��K� �Ð��. s��½Ó �'a>� Rs� ÅÒ#Qt����
Y�J�̧ F = (W,R)�̀¦ Òqty��½+É Ãº e���¦, X ⊆ W\� @/
�#� |9�½+Ë ���íß� mR : P(W ) → P(W )�̀¦ ��
6£§õ� °ú s� &ñ
_�
�#� �Ð��.

mR(X) = {w ∈W | Rwx for all x ∈ X}

Õª�Q��� e��_�_� Vü< φ\� @/
�#� V (2φ) = mR(V (φ)) s�Ù¼�Ð ���íß� mR��H 2\� @/6£x÷&��H |9�½+Ë

���íß�s����¦ ½+É Ãº e����. s� ���íß�_� {9�ìøÍ+þA�̀¦ ����?/��� ��6£§õ� °ú ��. ÅÒ#Q��� (n+ 1)�½Ó �'a>�
Rõ� |9�½+Ë W\� @/
�#�

mR(X1, ..., Xn) = {w ∈W | Rww1...wn for all w1 ∈ X1, ..., wn ∈ Xn}

ü< °ú s� &ñ
_�ô�Ç��. Õª�Q��� mR�Ér n�½Ó �ª��©� ���íß���\� K�{©�ô�Ç��.
s�]j {9�ìøÍ Y�J�̧\�¦ +þAd��&h�Ü¼�Ð &ñ
_�K� �Ð��. {9�ìøÍ τ−Y�J�̧��H (F, A)�Ð ³ðr�÷&�¦ #�l�"f

F = (W,R4)4∈τ s��¦, A��H W_� ÂÒì�r|9�½+Ë[þt_� |9�½+Ë (A ⊆ P(W ))Ü¼�Ð"f ��6£§ ���íß�\� {��)�
e����:

(i) �§|9�½+Ë: X,Y ∈ A s���� X ∩ Y ∈ A s���.
(ii) 	�|9�½+Ë: X ∈ A s���� W \X ∈ A s���.
(iii) �ª��©� ���íß�: �̧��H 4 ∈ τ \� @/
�#� X1, ..., Xn ∈ A s���� mR4(X1, ..., Xn) ∈ A s���.

{9�ìøÍ Y�J�̧\�¦ l�ìøÍÜ¼�Ð 
���H �̧4Sq�Ér (F, A, V )ü< °ú �Ér +þAI�s��¦ (F, A)��H {9�ìøÍ Y�J�̧s��¦ V��H

∀p ∈ Φ.∃X ∈ A.V (p) = X (1)

�̀¦ ëß�7á¤
���H î̈
�� �<ÊÃºs���. s�M: �̧|	� (1)�̀¦ ëß�7á¤
���H î̈
�� �<ÊÃº\�¦ �����e�����¦ ô�Ç��. s�ü<
°ú �Ér~½ÓZO�Ü¼�Ð&ñ
_��)a{9�ìøÍY�J�̧��H�ª��©��7Ho�\�¦@/Ãº&h�Ü¼�Ð��ÀÒ�¦��½+ÉM:r����&h�s��)a��.
t��FK��t���HY�J�̧��{9�ìøÍY�J�̧\�"f_���{©�$í
>h¥Æ�s��7Ho�&h�Ü¼�Ð�½Ó�©��ÃÐ����7Ho�d��[þt�̀¦���

/åL
�%i���. s�]j��H �ª��©� �7Ho�\�"f �7Ho�&h���� )
ÆÒ �'a>�(logical consequence realtion)��H #Qb�G
>� &ñ
_�÷&#Q�� 
���Ht�\� @/
�#� [O�"î
ô�Ç��. 7£¤, �ª��©� �7Ho�d��_� |9�½+Ë Σ�� #Q�"� 
���_� �ª��©�
�7Ho�d�� φ\�¦ �7Ho�&h�Ü¼�Ð �<Ê_�ô�Ç��(entail)��H ��s	כ Áº��H _�p����t�\�¦ &ñ
_�
��¦�� ô�Ç��.

3#�l�"f��H ÅÒ#Q��� 
���_� ��0px [j>�\�"f_� ëß�7á¤ ��0px$í
õ� ��{©�$í
\� @/
�#� ú́�
��¦ e����. ëß�{9� ÅÒ#Q��� �̧4Sqs���
Y�J�̧_� �̧��H ��0px [j>�\� @/
�#� ú́�ô�Ç����� ����̂&h�Ü¼�Ð �ÃÐ���t�(globally true) ¢̧��H Y�J�̧_� �̧��H ��0px [j>�\�"f ��

{©�ô�Çt�(valid at all possible worlds)�� @/�̧\�¦ s�Ò�¦ �.���s	כ
4‘{9�ìøÍ’ Y�J�̧����H s�2£§�̀¦ °ú�>� �)a s�Ä»��H î̈
�� �<ÊÃº[þts� °ú�ÆÒ#Q�� 
���H ������̀¦ #Qb�G>� ÂÒ#�
�Ö¼��\� ����"f {9�ìøÍ
Y�J�̧_� :£¤fç
s� ���&ñ
÷&Ù¼�Ð t��FK��t� �Ð��¤~�� Y�J�̧��H s� {9�ìøÍ Y�J�̧_� :£¤Ãºô�Ç +þAI��Ð �̂¦ Ãº e��l� M:ë�Hs���.
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�7Ho�&h���� )
ÆÒ �'a>���H t�%i�&h�Ü¼�Ð(locally) ¢̧��H ����̂&h�Ü¼�Ð(globally) &ñ
_�|̈c Ãº e����HX<,
¿º �â
Äº �̧¿º _�p�½̈�̧&h�Ü¼�Ð(semantically) &ñ
_��)a��. _�p�½̈�̧&h�s��� �<Ê�Ér Y�J�̧, �̧4Sq, {9�
ìøÍ Y�J�̧ 1px_� �'a>� ½̈�̧\�¦ l�ìøÍô�Ç����H �.���s	כ ����"f )
ÆÒ �'a>���H #Q�"� �'a>� ½̈�̧\� @/
�
#� ���/åL
���H t�\�¦ "î
r�&h�Ü¼�Ð ³ðl�½+É ��¹כ��9 e����.
+þAd��&h�Ü¼�Ð ú́�
����, �ª��©� �7Ho�d�� φ�� �'a>� ½̈�̧[þt_� |9�½+Ë S\� @/
�#� �7Ho�d�� |9�½+Ë Σ_�
t�%i�&h���� )
ÆÒ(local consequence)����H �¦̀�	כ S : Σ �S φ �Ð ����?/�¦, S�ÐÂÒ'�_� �̧��H �̧4Sq
M\� @/
�#� Õªo��¦ M_� �̧��H ��0px [j>� w\� @/
�#� M, w � Σ s���� M, w � φ e���̀¦ _�p�
ô�Ç��. ¢̧, �7Ho�d�� φ�� S\� @/
�#� �7Ho�d�� |9�½+Ë Σ_� ����̂&h���� )
ÆÒ(global consequence)����H
��Ér	כ S : Σ �g

S φ �Ð ³ðl�
��¦, S_� "é¶�è��� �̧��H �'a>� ½̈�̧ S\� @/
�#� S � Σ s���� S � φ e��
�̀¦ _�p�ô�Ç��.

5 ð��P�4�ã# ½� %u��ç¡

·ú¡\�"f Äºo���H �ª��©� �7Ho�_� _�p�½̈�̧&h���� ���\� @/
�#� ¶ú�(R�Ð��¤��. �7Ho���H ½̈ë�H&h���� ���
�̀¦ ��t��¦ e����HX<, ÅÒ#Q��� Y�J�̧_� |9�½+Ë F\� @/
�#� F\�"f ��{©�ô�Ç �7Ho�d��[þt�̀¦ Òqt$í
K� ?/
��H ½̈ë�H&h���� Bj
�m�7£§s� e����. s��¦̀�	כ 7£x"î
 �̂>����¦ ô�Ç��. 7£x"î
 �̂>���H /BNo�>�(axiomatic
system), ����� ���%i� �̂>�(natural deduction system), I��̂¦�Ð l�ZO�(tableaux method), ì�rK�
l�ZO�(resolution method) 1pxs� e����. #�l�"f��H [O�"î
�̀¦ çß�éß�
�>� 
�l� 0AK� /BNo�>�ëß��̀¦ ��ÀÒ
l��Ð ô�Ç��.
���©� çß�éß�ô�Ç +þAI�_� /BNo�>���H K����H s�2£§Ü¼�Ð Ô�¦o���HX<, K��H �n=!QàÔ ~½Ód��_� /BNo�

>�(Hilbert-style axiom system)�Ð"f Y�J�̧\� @/ô�Ç ÆÒ�:r�̀¦ 
���H ���©� ����Ér(minimal; weak-
est) �̂>�s���. /BNo�>���H /BNo�[þt_� |9�½+Ëõ� 7£x"î
 ½©gË:_� |9�½+ËÜ¼�Ð s�ÀÒ#Qt���HX<, /BNo�[þt_�
|9�½+Ë�̀¦ SX��©��<ÊÜ¼�Ð+� �8 	�H /BNo�>�\�¦ %3��̀¦ Ãº e����.
7£x"î
 �̂>�\� @/
�#� �7H�<Ê\� e��#Q"f #�l�"f��H l��:r �ª��©� �7Ho�\�¦ @/�©�Ü¼�Ð ô�Ç��. 7£x"î
 �̂
>� K_� /BNo�[þt�Ér ��6£§Ü¼�Ð ½̈$í
�)a��:

– "î
]j �7Ho�_� �̧��H �½Ó��� �7Ho�d��
– (K) 2(p→ q) → (2p→ 2q)

#�l�"f (K)��H [O�"î
�̀¦ 3lq&h�Ü¼�Ð /BNo�_� s�2£§Ü¼�Ð ·¡­�Ér �.���s	כ Óüt�:r #�l�"f 3φ = ¬2¬φ�̧
/BNo�\� �í�<Ê÷&#Q�� 
�t�ëß� /BNo�>�_� SX��©� ÂÒì�r�̀¦ y©��̧
�l� 0AK�"f ���Ér �7Ho� ��������_� �©�

@/[þtõ� �<Êa� ¶nqr�&h���� G��Ð z����¿º�̧2�¤ ô�Ç��. K_� 7£x"î
 ½©gË:�Ér ��6£§õ� °ú ��:
– �FN&ñ
 ÆÒ�:r(modus ponens): φü< φ→ ψs� ÅÒ#Qt���� ψ��H 7£x"î
�)a��.
– {9�Ò�¦&h���� u�8̈�(uniform substitution): φ�� ÅÒ#Qt����, φ îß�_� "î
]j l� ñ[þt�̀¦ e��_�_�
�7Ho�d��Ü¼�Ð u�8̈�
�#� %3�#Q��� θ��H 7£x"î
�)a��.

– �9���� ÆÒ�:r(necessitation): φ�� ÅÒ#Qt���� 2φ��H 7£x"î
�)a��.

K-7£x"î
(K-proof)�Ér �7Ho�d��[þt_� Ä»ô�Çô�Ç r�$ã¶Û¼�Ð"f y�� �7Ho�d��[þt�Ér /BNo�s����� r�$ã¶Û¼_�
·ú¡Aá¤\� 1px�©�ô�Ç 
��� s��©�_� �7Ho�d��Ü¼�ÐÂÒ'� 7£x"î
 ½©gË:�̀¦ &h�6 x
�#� %3�#Q�·p �7Ho�d��s���. s�
��Ér	כ �n=!QàÔ ~½Ód��_� 7£x"î
���X<, �7Ho�d�� φ�� #Q�"� K-7£x"î
_� �±p ��t�}�� �½Ó3lqÜ¼�Ð ��������� �7H
o�d�� φ��H K-7£x"î
 ��0px
���(K-provable)�¦ 
��¦ `K φü< °ú s� ³ðr�ô�Ç��.
7£x"î
 �̂>��� &ñ
_�÷&��� Õª 7£x"î
 �̂>�\�¦ :�xK� 7£x"î
�)a �7Ho�d��s� ��{©�
�t� ·ú§�Ér �â
Äº��H \O���H

t� ¢̧��H ��{©�ô�Ç �7Ho�d�� ×�æ\�"f 7£x"î
½+É Ãº \O���H ��Ér	כ \O���Ht�\�¦ SX����K��� ô�Ç��. e��_�_� 7£x"î

�̂>� X\� @/
�#� �̧��H X-7£x"î
��0pxô�Ç �7Ho�d��[þts� �̧��H Y�J�̧_� |9�½+Ë\� @/
�#� ��{©�
���� 7£¤,

{φ | `X φ} ⊆ {φ | � φ}
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s���� X��H �̀¦��ØÔ��(sound)�¦ ô�Ç��. ¢̧ô�Ç �̧��H Y�J�̧[þt_� |9�½+Ë\� @/
�#� ��{©�ô�Ç �7Ho�d��[þts�
�̧¿º X-7£x"î
��0px
���� ��r�ú́�K�"f,

{φ | `X φ} ⊇ {φ | � φ}

s���� X��H ¢-a���
���(complete)�¦ ô�Ç��. Õª��� _�p�\�"f 7£x"î
 �̂>� K��H �̀¦��ØÔ�¦ ¢-a���
���
�¦ ·ú��94R e����.

[UdV� 6] �ª��©� �7Ho�d�� (2p ∧2q) → 2(p ∧ q)��H ��{©�ô�Ç��?
(7£x"î
) ��6£§ �n=!QàÔ ~½Ód��_� 7£x"î
�̀¦ :�xK� ��{©�
�����H �¦̀�	כ 7£x"î
ô�Ç��:

1. ` p→ (q → (p ∧ q)) Tautology
2. ` 2(p→ (q → (p ∧ q))) Necessitation: 1
3. ` 2(p→ q) → (2p→ 2q) K axiom
4. ` 2(p→ (q → (p ∧ q))) → (2p→ 2(q → (p ∧ q))) Uniform substitution: 3
5. ` 2p→ 2(q → (p ∧ q)) Modus ponens: 2,4
6. ` 2(q → (p ∧ q)) → (2q → 2(p ∧ q)) Uniform substitution: 3
7. ` 2p→ (2q → 2(p ∧ q)) Propositional logic: 5,6
8. ` (2p ∧2q) → 2(p ∧ q) Propositional logic: 7

s�]j K �̂>�\� 
���_� /BNo�\�¦ ÆÒ��
�#� Dh�Ðî�r /BNo�>� K4\�¦ ëß�[þt#Q �Ð��. K4_� /BNo�
|9�½+Ë�Ér ��6£§õ� °ú ��:

– "î
]j �7Ho�_� �̧��H �½Ó��� �7Ho�d��
– (K) 2(p→ q) → (2p→ 2q)
– (4) 2p→ 22p

s�M: (4)�� ���Ð ÆÒ��&h�Ü¼�Ð ÅÒ#Q��� /BNo�_� s�2£§�̀¦ �����·p��. K4_� 7£x"î
 ½©gË:�Ér K_� 7£x"î

½©gË:õ� °ú ��.
Õª�Q��� K��H �̧��H Y�J�̧\�"f �̀¦��ØÔ�¦ ¢-a���ô�Ç ���©� ����Ér /BNo�>�s�Ù¼�Ð K�ÐÂÒ'� r����K�"f
���ª�ô�Ç +þAI�_� /BNo�>�\�¦ ëß�[þt#Q è­q Ãº e������H �¦̀�	כ ·ú� Ãº e����. #�l�"f ÅÒ3lq½+É ��Ér	כ /BNo�>�
�� °ú���H :£¤$í
���X< ÅÒ#Q��� /BNo�>�\�"f ��{©�
����¦ 7£x"î
 ��0pxô�Ç �7Ho�d��[þts� :£¤Z>�ô�Ç $í
|9��̀¦

°ú���H Y�J�̧\�"f ��{©�
�����H �.���s	כ Õªo��¦ Õª ìøÍ@/�̧ $í
wn�ô�Ç��. 7£¤, /BNo�>�ü< s�\� @/6£x÷&
��H Y�J�̧_� $í
|9�s� e������H �.���s	כ \V\�¦ [þt#Q

Σ `K4 φ iff Σ �Tran φ

e���̀¦ ·ú� Ãº e����HX<, 7£¤, K4 �̂>�\�"f 7£x"î
��0pxô�Ç �7Ho�d���Ér Y�J�̧_� 'Í	���P: ���¹�èכ �'a>���
ÆÒs� �'a>�{9�M: Õª Y�J�̧\�"f ��{©�
�����H �.���s	כ ¢̧ ìøÍ@/�Ð ÆÒs� �'a>�\�¦ °ú���H Y�J�̧\�"f ��
{©�ô�Ç �7Ho�d���Ér K4-7£x"î
��0px
���. Y�J�̧_� 'Í	���P: ���¹�èכ �'a>��� ÆÒs� �'a>�{9� M: Õª Y�J�̧\�¦
ÆÒs� Y�J�̧���¦ ÂÒØÔl��Ð 
��¦, ��6£§ \V]j\�¦ ¶ú�(R�Ð��.

[UdV� 7] 2p→ 22p ��H ÆÒs� Y�J�̧\�"f ��{©�ô�Ç��?
(7£x"î
)e��_�_�ÆÒs�Y�J�̧ Fü<��0px[j>� w, î̈
���<ÊÃº V \�¦2[
��¦ (F, V ), w � 2pe���̀¦��&ñ


���. Õª�Q��� F = (R,W ) {9�M: &ñ
_�\� _�K�"f Rwu ��� �̧��H u \� @/
�#� (F, V ), u � p s���.
Õª���X< R s� ÆÒs� �'a>�s�Ù¼�Ð Rwu s��¦ Ruv ��� �̧��H v \� @/
�#� Rwv s��¦ (F, V ), v � p
s���. ����"f (F, V ), w � 22p e���̀¦ ·ú� Ãº e����.

ÆÒs� Y�J�̧\�"f ��{©�ô�Ç 2p→ 22p�̀¦ /BNo� (4)�Ð"f G�×þ��<ÊÜ¼�Ð+� K4 �̂>���H ÆÒs� Y�J�̧\�
"f ��{©�ô�Ç �̧��H �7Ho�d���̀¦ 7£x"î
 ��0px
�>� ô�Ç��. ��6£§ \V]j��H �'a>� ½̈�̧ü< �ª��©� �7Ho�d�� ��s�
_� �'a>�\�¦ [O�"î

��¦ e����.
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[UdV� 8] ÕªaË> 4\���H ¿º >h_� Y�J�̧\�¦ �Ð#�ï�r��. #�l�\���H ¿º >h s��©�_� �'a>� Ra, Rb, Rc�� 1px

�©�ô�Ç��. y��y�� éß��½Ó �ª��©� ���íß�õ� @/6£x�)a��. s� ¿º >h_� Y�J�̧ ×�æ\�"f �7Ho�d�� 〈a〉p→ 〈b〉ps� ��
{©�ô�Ç ��Ér	כ #QÖ¼�?���9}	כ 'Í	���P: Y�J�̧\�"f��H V (p) = {w2}{9�M: �ÃÐs� ÷&t� ·ú§Ü¼Ù¼�Ð ��{©�
�

[½��Ð� 4] £̈ 4�q� V���Ð

t� ·ú§����H �¦̀�	כ ~1�>� ·ú� Ãº e����. ¿º���P: Y�J�̧\�"f��H ��{©�ô�ÇX< s���Ér	כ Ra ⊆ Rbe���̀¦ SX�����<Ê

Ü¼�Ð+� ·ú� Ãº e����. ��r� ú́�K�"f �7Ho�d�� 〈a〉p → 〈b〉ps� ��{©�
�l� 0AK�"f��H Y�J�̧_� ���¹�èכ
�'a>�[þts� Ra ⊆ Rb�̀¦ ëß�7á¤K��� ô�Ç����H �.���s	כ

��z�́ �8 ú́§�Ér /BNo�ü< Y�J�̧ ��s�_� �'a>��� ���½̈÷&#Q ·ú��94R e����. /BNo�>�\� #Q�"� /BNo�\�¦
�í�<Êr�v�Ö¼��\� ���� @/6£x÷&��H Y�J�̧_� $í
|9�s� ���&ñ
÷&��H X<, ú̧� ·ú��9��� ���õ�[þt�̀¦ &ñ
o�
�#�
����?/��� ��6£§õ� °ú ��:

/BNo� s�2£§ /BNo� Y�J�̧_� �̧|	� R_� $í
|9�
(D) 2p→ 3p ∃u.wRu Serial
(M) 2p→ p wRw Reflexive
(4) 2p→ 22p if (wRv and vRu) then wRu Transitive
(B) p→ 23p if wRv then vRw Symmetric
(5) 3p→ 23p if (wRv and wRu) then vRu Euclidean
(CD) 3p→ 2p if (wRv and wRu) then v = u Deterministic
(2M) 2(2p→ p) if wRv then vRv Shift Reflexive
(C4) 22p→ 2p if wRv then ∃u.(wRu and uRv) Dense
(C) 32p→ 23p if (wRv and wRx) then ∃u.(vRu and xRu) Convergent

�ª��©� �7Ho���H Õª /BNo�>�\� #Q�"� /BNo�[þt�̀¦ �í�<Ê
�Ö¼��\� ���� ���ª�ô�Ç +þAI��Ð �������¦ @/

6£x÷&��H Y�J�̧_� �̧_þv�̧ ���&ñ
�)a��. s�XO�>� ���ª�ô�Ç �ª��©� �7Ho�[þt_� �'a>�\�¦ ô�Ç è�H\� �̂¦ Ãº e���̧
2�¤ ëß�[þt#Q��� ÕªaË> ³ð�&³[5]s� e����HX< ÕªaË> 5ü< °ú ��.
#�l�"f Äºo���H �����Û¼XO�>� Y�J�̧_� $í
|9�õ� /BNo�_� +þAI� ��s�\� #Q�"� {9�ìøÍ&h���� �'a>�\�¦ ¹1Ô

�̀¦ Ãº e����H�� 
���H |9�ë�H�̀¦ ½+É Ãº e����. Scottõ� Lemmon�Ér s� ÂÒì�r\� @/ô�Ç K�²ú��̀¦ 
��� ?/
Z�~��¤��HX<, /BNo�_� {9�ìøÍ+þAõ� �'a>� $í
|9�_� {9�ìøÍ+þA�̀¦ �¦îß�
�#� @/6£xr�v���H �.���s	כ {9�ìøÍ+þA_�
/BNo� (G)\�¦ ��6£§õ� °ú s� &ñ
_�
����

(G) 3h2ip→ 2j3kp

·ú¡\�"f K4\�"f �̧{9�Ùþ¡~�� /BNo� (4)��H ��6£§õ� °ú s� ³ð�&³ ��0px
���.

(4) 2p→ 22p = 3021p→ 2230p

#�l�"f %3��Ér h, i, j, k °ú̀�כ¦ ��t��¦ ��6£§_� �'a>� $í
|9�_� {9�ìøÍ+þA\� @/{9�
����

(hijk-Convergence) if Rhwv and Rjwu then ∃x.(Rivx and Rkux)
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[½��Ð� 5] modal cube

��6£§õ� °ú �Ér �'a>� $í
|9��̀¦ %3��̀¦ Ãº e���¦

(0120-Convergence) if R0wv and R2wu then ∃x.(R1vx and R0ux)

s���Ér	כ &ñ
SX�
�>� ��6£§_� ÆÒs� �'a>�\�¦ ����?/��H $í
|9�s�����H �¦̀�	כ #Q§>�t� ·ú§>� 7£x"î
½+É Ãº e��

��.

(transitivity) if Rvx and Rxu then Rvu

��z�́ ÕªÊê\� Sahlqvist��H Scottõ� Lemmon_� ���õ��Ð�� �8 V,��Ér #3�0A\�¦ �í�<Ê
���H {9�ìøÍ+þA�̀¦
�¦îß�
�%i���. �'ad��e����H 1lq����H �ÃÐ�¦ë�H��³ [7]�̀¦ �ÃÐ�¦
�l� ��êøÍ��.

6 �lB&è<

�:r �7Hë�H\�"f��H �ª��©� �7Ho�_� ���#Q, _�p�½̈�̧, /BNo�>� 1px l��:r �\¹�èכ @/
�#� ¶ú�(R�Ð�¦ �¦���
�7Ho�ü<_� 	�s�&h�s��� �ª��©� �7Ho�_� 1lq:£¤�<Ê�̀¦ s�K�
��¦�� 
�%i���. :£¤y� /BNo�>�ü< Y�J�̧ü<_�
�'a>���HáÔ�ÐÕªÏþ�_�]j#Q ½̈�̧�� áÔ�ÐÕªÏþ�_�z�́'��àÔo�1px�'a>� ½̈�̧\� @/
�#�Õª$í
|9��̀¦ÆÒ

o�K��� 
���H áÔ�ÐÕªÏþ� ì�r$3� x9� ���7£x ì�r��\�"f��H è�H#��� �̂¦ ëß�
���.
�7Ho��<Æ�Ér ���çß� s�$í
_� ô�Ç>�\�¦ Ãº�<Æ&h���� %3�x9��<Ê�̀¦ ��t��¦ ]X���Hô�Ç����H _�p�\�"f B�Äº <Éª

p�e����H ì�r��{9� ÷�r ��m��� V,�>���H (��ÉÓ'� õ��<Æ, a%v>���H áÔ�ÐÕªÏþ� ì�r$3�õ� ���7£x ì�r��_� �Ð@/
s��¦ Ùþ�d��Ü¼�Ð"f B�Äº ×�æ¹כô�Ç ÂÒì�rs���. �ª��©� �7Ho���H �¦��� �7Ho�\�"f ³ð�&³
�l� #QÒ�oô�Ç (��ÉÓ
h�A_� $í
|9�[þt�̀¦ ³ð�&³
���H X<\� �Ð�� ò́Ö�¦&h�s��¦ �����Û¼XO�l� M:ë�H\� Õª @/îß�Ü¼�Ð"f ú́§�Ér ���

½̈��[þt\�>� �¦�9÷&�¦ e����. ¢̧ô�Ç r�]j �7Ho�, 1lx&h���� �7Ho�, �¦&ñ
&h� �7Ho� 1px ���ª�ô�Ç q��¦��� �7H
o� ì�r��ü< �̧4Sq �����, _�p�½̈�̧�:r, bisimulation, �ª��©� $í
|9�\� @/ô�Ç ì�r$3�õ� ���7£x 1px r�Û¼%7�
ì�r$3� x9� ���7£x ì�r���� �ª��©� �7Ho�\� @/ô�Ç �'ad���̀¦ Z�}s���H %i�½+É�̀¦ 
��¦ e����.
:£¤y� �ª��©� �7Ho��ÐÂÒ'� %3�#Qt���H ��{9� r�Û¼%7��Ér #Q�"� �̧_þvs��¦ #Q�"� �Ö̧6 x$í
�̀¦ ��|9� t�\�

@/
�#� ú́§�Ér�'ad��s� �̧��t��¦e����.��6£§õ�°ú �Érì�r��\�"f�ª��©���{9�r�Û¼%7�s�×�æ¹כô�Ç%i�½+É
�̀¦ ½+É �Ü¼�Ð	כ l�@/�)a��: z�́'��r�çß� �ï×¼Òqt$í
, Bj�� áÔ�ÐÕªA�bç
, &h����&h���� >�íß�(incremental
computation), &ñ
�Ð âì2£§ �Ðîß�$í
 ì�r$3�(information flow security), ì�ríß� (��ÉÓh�A, ��"é¶s� ]jô�Ç
�)a >�íß��̀¦ 0Aô�Ç ì�r$3�(resource-bounded computation) 1px.



�è¡�ç¡ $ã<P�q� T�AI · 13

~����q� ¼â�

�7Ho��<Æ /BNÂÒ\� @/ô�Ç �'ad��õ� �Ð�:r�̀¦ :�xK� ����9K� ÅÒ��� LiComR group_� �â
·¡¤@/ &ñ
ÅÒ�B�§Ãº
_��õ� �â
$í
@/ ���$3�Äº �§Ãº_��a� y����\�¦ ×¼wn�m���.
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