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€ Comb (&AZIA | I=C;D
€ Expr (¥4 C == AMN.C
€ Int (A7) | B
€ Id (o] =) E = 1|Z|EFE
(a) T =79l (b) & 8]
™ 2: Ao +F A9
c € S = OxL*'xGxUxD (AFeED)
o € O = Z (293
vy € G = [L = N] (2= )
v € N = A+4I+Id+Z (= ==
A = LxL (g =
I =L (3 =)
Zz = {..,-2,-1,012,..}. B+
p € U = [Id— K| (F73)
§ ¢ D = L* (BZ)
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P : Prog — S
P 1Pl

D : Defs — U

(print o eval o (p [main])) ([], [I, {}, p, [)
where p = pini & D [F]

D [Dg ; Di] = D[Do] ® D [Di]

DlI=C] = {I FIC[{}0}

F :Comb - B = Z;, - K

FIM.Clgn = FICTB & {I = n}) (n+1)
FIE] B n = entryn (R[E] 8n)

R :Expr = B - Z; - K

RIE] B n = ezitn o C[E] B

£ :Expr - B - K

¢E] B = eval o C[E] B

C :Expr - B - K

ClINa = I & dom(B) — push (B [1]), pushval ([I] in N)
ClZ] 8 = pushval (Z [Z] in N)

C[Eo Ex] B = mkap o C [Eo] (inc o ) o C[E:] B
Z :Int - Z (ZFAISE A2 A=)
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pushval v

(07 ¢7 f% p? 6)

(0, £:¢,vD{l = v}, p,0)
where £ = New y

push n

(0, 9,7, p, 9)

(0, (0 n) ¢, v, p, 0)

mkap (0, lo:l1: 6,7, p, 0)

pUShUal (((0, él) iIIN) (Oa ¢a Yy Ps 5)

exit n unwind o popn o updaten
pop n (0, 8, 7, p, 9) (0, dropn ¢, v, p, 9)
update n (0, £: 0,7, p, 9) (0,6, v&{(¢n) = v L}, p,0)
eval (0, £: 0,7, p, 9) (restore o unwind) (o, [€], v, p, ¢ : &)
restore (0, ¢, 7, p, ¢' 1 9) (o, (Elide y (last $)) : &', v, p, 9)
entry n K (0, £:¢,7, p, 90) #o>n — K (0, ¢o +H by, 7, p, 9),
(0, £: ¢, 7, p, 0)
where ¢, = map (Arg~y) (taken ¢)
dr = n<1— ¢, drop(n—1)¢
unwind (Oa £: ¢a Y P 5) (VE Id) —p (V | Id) (Ov £: ¢7 Y Py 6)
(vEI) —
M(O, <V|I> : 9, Yy Ps 6)7
(vEA) —
unwind (o, fst (W|A) : £: ), v, p, 6),
(O’ Z:QS’ 77 p’ 5)
where v =y £
print (0, £:¢,7, p, ) (VEZ) — (o++ (v|Z), ¢, 7, p, ),
1
where v =y £
7% 5: Qomachine®) 29 o] u]Aejo] A A= 7B Ga
pini[if] = entry 3 (ezit 3 o if (push 1) (push 2) o eval o push 0)
pinitladd] = entry 2 (exit 2 o add o eval o push 1 o eval o push 0)
pinitleq]l = entry 2 (exzit 2 o eq o eval o push 1 o eval o push 0)
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P : Prog — S

PIF] = (print o eval o (p [main])) (II, [I, {}, », )
where p = pinit © D [P]

D : Defs — U
D [Dy ; D]
D[[I:C]]

D [Do] ® D [D]
I = FICT {10}

F :Comb - B = Z;, - K
FIM.ClBn = FICI B & {I —» n})(n+1)
FE] 8 n = entryn (R[E] 8n)

R :Expr - B = Z, - K

R[E] B n = exitn o C[E]B

£ : Expr - B - K
¢IE] B = eval o C[E] B

C :Expr - B - K
CIEl B = alloc (N [E] B 1)

N :Expr - B > Z, —» C*
N Br = Tedom(8) — [(8 [I]) in C], [[/] in C]
NI[Z]6r = [ims, 1)inG, (2 [2]inC),
N[[E()El]]ﬂ’r = (Q,'f‘)inCZholhll(to-H-tl)
where h() t o = N [[EO]] ﬂ 2
hy ity = N[Ei] B (1+4to)
Z : Int —» Z (ZFAIE Hof )
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alloc ¢ (0, ¢, v, p, 9)

copy 0 C (07 €:¢7 Y P, 5)
where £ = NewBlock v (#()

copy i ¢ (0, £:9, 7, p, 6) = H#(=0— (0, £:9, v, p, J),
copy (i+1) (t () (o, £:9, ', p, 6)

where
Y = 7o {{+i » w}
W= X€Zy > (T [Z ) W,
XEId — (x| Id)in W,
XEP — (x| P)in W,
XEZ — (x]|Z)inW, L
X = '
exit n = unwind o pop n o update n
pop n (0, &, v, p, 6) = (o, dropmn ¢, 7, p, 8)

update n (0, L:0, 7, p,0) = (0, ¢, v&{(¢'n) =» 1}, p, )

eval (0, £:9, v, p, 0) = (restore o unwind) (o, [£], 7, p, ¢:6)

restore (0, ¢, v, p, ¢':0) = (o, (Elide v (last ¢)) : ¢', 7, p, J)

entry n Kk (0, L:9, 7, p, 0) = #d>n — k (0, da + ¢, ¥, p, 9),
(0’ £:¢’ 77 p’ 6)
where ¢, = map (Arg v) (take n ¢)
o = n<1— ¢, drop (n—1) ¢

unwind (o, £:¢, v, p, ) = (wEIQJ) —
p(w|Id) (o, £:¢, 7, p, 0),
(WET) —

unwind (o, (w|1):6, v, p, 9),
(WEPAt=ap) —

unwind (o, (L+7):0:, v, p, 6),
(WEP At =int) —»

(0, £:¢, v, p, 0), L

where w = ¢
t = fst (w]|P)
r = snd (w|P)
print (0, £:9, v, p, §) = (WEPAt=int) —
(o+ (W' | Z), ¢, v, p, 6), L
where w = ~/{
t = fst (w]|P)
w' = v ({+snd (w|P))

29 10: ZG-machine] <8 o] v 4elo] A ALLH & 7B T4



if KT KF (0, £:¢, v, p, 6) = (WEP A t=int A W EZ)
— W[Z=1 — k7, KF)
(0, 9,7, p, 9), L
where w = ~ /£
t fst (w]P)
w' = v+ snd (w]|P))

add (0, Lot ¢, 7, p 8) = Aimg(@iEP A £ =int A W/ EZ)
5" dloc [(int, 1)in C, nin C]
(0, ¢, v, p, 0), L
where w; = v ¥;
tl‘ = fSt (wi | P)
wh = v W+ snd (w; | P))

for i€ {0, 1}
n o= wy|Z+w |Z
eq (0, bg: by : 0, v, p, §) = /\;ZO(wiEP A t;=1int A w(EZ)

—> alloc [(int, 1) in C, n in C]
(07 ¢7 ’Y? p’ 6)’ J_

where w; = v ¥;
tl‘ = fSt (wZ|P)
wi = 7 (li+snd (wi | P))
for 7€ {0, 1}
n = (wy|Z=w||Z) — 1,0
push n (0, &, 7, p, 8) = (o0, (#!n):8, 7, p, §)

3% 11: ZG-machine®] 8 ojujAoJo A AHEH = W T



A AT B2E 2z =S 19 129 Ho
= o} rt.
G = Z+Id+A (EF 389= x5)
A = GxG (A& xx5)

28 12: 22 18z =99

23129 22 a8z = G AL Ty
Q1 Z8} o]F =F¢l Id, A8 == =H<d A9
g = dlelth =rQl Z9} Id+= o] &8 2]
Ao el ZAT =Yl Ax AAFHoR %

F a2z =09 G F A goz HYgHrth

olgA & 2= o] AAHE &4 5
d71AY BEHERY 28 2192 TR W
B 3rE AT g vt xFE W Z et
8 HAAEREY AAE AATE FE o,
3 A el Hﬂffk— EFE =g uEete 3
g et F = s FAR A
A EolEE %*GH A2 7t RE J=ZE &
F ad=s T oz, I A BRE 1
Hz JRE FE3 A Ao B 5 k. G-
machine, ZG—machine Z.‘Z‘,'_Cﬂ AE2RE 25

i
o
i)
L

T
N 2
=
o
2
N

= 0
P

(4
By
=t
b
&
2

it

i
offt I
)
)
fr
N
(K oolo N ol of

A9l Asl s hesh 2k

Aol 1 zF 4 71419 4 o, €Sy, 05 €8,
tfsto] Gy 04 = Gy 0, Y ufl, 7 = T =
&5 BAC Skl S, 0y = 0,02 Lhebdl
oh. 22 F4 71A 9] 7 HEH 01 €S, 02 € 89
isiA%E G oy =G oy o]H, 7 AEl= 2=
sk= AAof] Qlrlil 311, 0y 2oy & WEFHLL

T 3 7178 el tiE 2= 3E A
T AALHA e W ez &3E 5 ok
J= 3 BAL el HE ?}-’F% a3
T AL HESES A HES sYst= &
TE Witk A de o ad= g &
AL Aestd o7 2

Bel 2 7} 24 AAA BelE g A
ngesg_>897 fﬁesgﬁséo‘” EH—O;]—O:]

Vog€8q, 0, €85 .04=20; =

o gz FASEH, o ToA T G AA ~

Hee Ad TN BrlT BrGokgr oSl T f}if;f e
Bz g 48 )k 4 g 4 274 A o B

Bef 2E 2 g Holgs BT RO o n) = gt agz gE BA O oy o
Az G ot A A8E BE AWMZY S g f > f oz JEUD 2 24 FAY T
A 03 A Gl @AEH. AVM ZE TAUZ g w4 f1€S oS, L €S — S of
S AAHF T AN ~AF FE 2AS FHF 4= Vo, €S, 03 €S 01 2oy = fo o1 &
oIS &S (concat (¢: )N 2 2AZA O g, 5, 0@, £ gpE 28z FE BA Y

= 9170 gtk s AL VeI 5 947
06T o <l H 9ol TehZ S FEHaL, A

2 s}—zf fl

= f, 2 LpERACH

ol 5 WA dlo|Eo] A7l THZET, o]
d Aoz Wsst ARG B4 G 2 2ol
Bult} G, & &5 BF 2oz AT,

oA F 1A AFe et Aef W
sto] 28l = AAHE 2446]-1:5]_

e dd=zE Tz AA 24&3} A

2 é
Aol 7] A7l 2 = =08 A, 7+
A 28 oJuj g o A AA = AF

WA
o]
A Ex A= = A O G,= It

& s ol I g A dis 2A7F



G:8;,- (Z. - G)
G (o, ¢ 7, p, 8) = Gi (concat (¢:6)) v 0

leL*—>G—)Z+—)(Z+—>§)
Gioyp = (#90=0—{}L, G ({# P v+l & {p = G (hd ¢) 7}

Go: L - G—> G
Goly =vEZ — (v |Z)inG,
vEId — (v]1d)in G,
VEA — (gg ZO Y, g2 41 ’)/) in G
where (g, £1) =v | A,
vEIT — G (wv[D)n, L
where v =71

2% 13: G-machine AEjoA & 29 = 429 H

u

A
T

gl

G:8 - (Zy - G)
g (07 ¢7 Y P, 6) = G (concat (¢ : 6)) Y 0

G :L* >G> Z, - (Z;y - G)
Gioyp = (#0=0—{}, G v(p+1) & {p— G (hd ¢) 7}

Go: L -G —= G
Goly = wEId — (w]|Id)inG,
t=int — ((yl)|Z)in G,
tzg —_— (9280’)/, ggélw)iné,L

wEP — where (¢, 7) = w|P
Ko = £+’/‘
4 = f+r+1

wEL — G (w|T) v, L
where w =1
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Arte Z& BAdozn, F A4 71419 ofn 7t
Z2ohE AL Y £ Q)

I Ao, ZG- ach1ne4 7450l A= 5
gt A4 2E Jels) B2t ZG-machineo) A & Ef
a7t 4 Fast 34 doz FAZ uet 1

Z 727) B8 Aed), A W So) A
Az gz o) 7128 A FaE o] g
= Nojl 9J3te] P = 2713 R gAaE
o AZAAE v, on] T N AHA
Aol AR oA, N o] AlHA| QI+ 2 5
o2 EAT A F4 F2 ZEAHA 9=
ARE v A =), o] & FEsH tha 2
t}.

WA 1 Yojo] HFHAE ¢ ExPr7F o2 Ao

%Iﬂ%ﬂﬂl
w18 9l ohar

24 gro &7 ZG-machine &
g Nof 9fslo] B|AE (4, (

A ol F Elase] g Fa ﬁa g el
<E(o}e FelH v B fll H§% )
off thsto] allocS e = -5 FAo Ae] #

3 g o] 2o FHHoE

o 2@l thsl v Al Fam 273 AR
£ AAFI(G), 2ot TE d9Y 273 A
HE FI7MAA A F27t 2SS B &8
S (fill G ni, A7NA niE 4 GE LT o
AHEE AT F4), 4 2713 AR el 7]
T allocs HE3 2342 e Wg d4E I
Az g5 BAE FAUE As DA 9
o o] WA E o] gl thE B2 E FHE
T At
HzAe 1 Fold ZHAI bioldo] Zeod
3

VEcEzpr, €B ., [E] 8=C; [E] B

(29) E=Icld, E=2Zc G ALE A
@9 7] Z(induction basis)Z, E = Ey E4 9 F
2 A9y DA (induction step)E dho] FZ
A ¢ ¥ (structural induction)2 ©]-&. O

A BxAee 4 24 71A o)Al on
G = N[E]Bn T Ceot C7F e %94 ESF 7 ukeld
G = NI[E]B (n+1) of tiste] 2efz g5 FA9 e HE
where n € Zy,n > 1 £ AATte AL B8 Fa 9k ol V&
2 ou g FE fASE AAE 7R 9SS
o mj, 48 4 e, ol E Fdelstd v 2
fill ¢ n=(#¢=1) — ¢, HzAe 2 Folx ddzgApel vyl &
[rd ¢ dr, day .., d ] () e¥ A RY A ngee ofn F gee
714 di= dojo] ¥ 2 g5 AAL] YJE W g FYs
gy 5, VO € Comb . Fy [C] {} 02 F, [C] {} 0
alloc (fill i n) = alloc (fill {; (n+1)) (%) SAxZAY 3£ 3ol i A
Hog 51 -
ojt}y. AHAA oz glojo] XA noj tf}o]

A ExAgeel ootd, do9 FAEZFA
alloc (fill (N'[E] B n)n) = alloc (N [E]B1) (a 2v 24 7)7 o)A ole] ou] 4 Fof <
o] of Zef = 3HE AAY AH e T E ey

' o, 280k ou] 5 Fre 22399 HF
2 WA= ZG-machine®| 7|2 3 allocd] & ZAIFE e & SHZEA maind] s =
ol e A AF 3L YT ZG-machineol A & T = FF FAF AHse A 2 IF- S



Betsis ol Hrh B 24 A9 27 4 0B, 45 LEy 47 BEES 48 kE
Bt 2elz §5 B, AR nainel B o ml BTk Fo) WS B4 cvalo] HAY BT
Wat de) A P4 THE §F BAS #4 P BECGE Ao FIHW, 192 ¥F W
suz, ol 2z G5 A Aefel thstel o Aelol e gl dAME £ 5 At
2o 293 A4%TE A% $95W Bok o o2 Asd ned 2o

ol theel T REP A Eoka glrt

B2AE 3 F 24 7)Ao ofH FEo] A MzAe 4 2 24 A HE I 2oz IE
B3 B vl & L3 AT HF JEo] Y o] 7} o] Zegho] 2T (print o eval) ol
Puim, HE e A8 AN A DAY GF oS AAHE 2Yghe gk
(2= d¢ AT =2 de ESEE

g =T)olr} Vog€8y, 0;€8;.
0g =205 N fst o og=fst o 0, =

(39) A 98 35 wds 29 HAIT (fst o print o eval) o,

FolFN UHA = W3 T, unwindE TET = (fst o print o eval) o,

th ¢ wnwinds AAZLE FoHo] S+&

o, unwind7} AA Doz TEHA & 49 (53) 2HZ Fs 2AA F L og, 0,2
28 HAS I A mEoAY thE $H2g Bl olFel 8 AH < B adE e
A5 52F Aotk o] ¥ AL unwind7t TEh 3P

29 7 A Arely, ek evalo]l B¢ 5 I'=§ag=Go,

S Arelth e SAZRAE TIHUS 20 30 oA vl 7F AES] A8
A% (entry nom)7 AEAEH, A £ Vgt g2 A7) 5w Ak prims
A mhEel AEEL (et M S g 49901 94wz Agel Bael 28R
unwing 7F £=L T O LR W BT g0 2 gte ddsie Beolme, A A
(entry n )7k 482 1 28 G ATV g2 deie (R 0)9) 9ol aret prines] 43t
nE T} Zrof] ol 7} A 8-X k= 7 f-olth 7} ee =wsld "o

Z ynwind’F Ev= 4= W AL ynwind 7}

.
2497k A%

oof g o Ay =N o g
kr

SIS I ) 07k A4 E e A

TESEY RS wu R BPd wwind7 s e 4202 2oy, 08 B9 @
2t B TEE E restores= G@EEH AES T1A A7)

EAAN = 9L s, 2RACE epalE& A~

9 A4 AN A7He HEE Brh. O .

i) (T 0)7}F

9 RxAEE AH ‘?35_ 3 eval®] AJA 00 printe] A lo] o3 FML W= | o] Ho] 2},
Bafol wal T ek R4 AANA & o]
o)== Ael W3 g eval-, ol X A
Eﬁoﬂ EH_E’_]'O:] -/—\—E—‘“ —‘i’]@}‘ﬂ7} 7]":47]“5 5‘_57]' "i’] i) ii)oﬂ 9/]3],04
A} AFYo) HEES Ae) MBS YAt &
oA AF 3t Ake} Zo] A AP 1= (fst o print o eval) o4 = (fst o print o eval) o,
FoF 4ol H o4 FoE 4 ge FE, = T T
ol sfdete 2WHZE e, of ol m
8



Y BxAgd oste &"Hglo] T2 1
Nz 5 FAY A7 AdE W g
(print o eval)ol] &3 22 &8HFS ¢+ 4
e dEdEts AL ¢ 5 denz, da o
T T FA 1A e o] 4 FUF
=z E AA dE WE g5 QAgsite
A A e, 2o 22 a0 )ste] F
F4 1A on e o8 AAHE €3kl 2
s 22 9T & drh o A5t the
3} 2t
e 1 22 9y Z2 30 s F F4 7]
Ae 2 28S Agsich &, 7 7149 9y
+

VY P € Prog . fst (Pq [P]) = fst (P, [P])

(59) Py, P, el 3)
Py [Pl = (print o eval o (pg main)) og
where g = (], I, {}; pas [)
P, [P] = (print o eval o (p, main)) oy
where g; = ([]a []v {}’ Pss [])
olt}. o} 7| A

Goy={}=Go,

olB2 0,805 2= F5 A ]t maino]
O SR GRS Cuase 01217 347, HEA 2
20 o3t 2+ A4+ 7]7%]./] (pmain)2 1) = &
T AAL AE HE T

14

Ty [Coain] {} 0 = F; [Crasa] {} 0

& Aosnz,
(p; main) o,

(po main) o, =

7F A, A71A 2 (p main)% AVE W3}

=4
T printE 2332 o nmg ke ¥

fst ((pg main) og) =[] = fst ((p; main) o)

2 vk weba] BxA e 40 o6

(fst o print o eval) ((pg main) oy)

= (fst o print o eval) ((p, main) o;)

0|3, A4 0= the Ae] JAch

fst (7)9 [[P]]) = fst (7)5 IIP]])

6. ZE

oAbl Al A+ 71A G-machined ZG-ma-
chine?] 9 m]|7} -8 Z=9ac}. o] & =93}
A A, B AL 28 e BT WA A%
AL, A" SJu A oo w2 ZF 71 A 9] et
Feh HE o] it B Iz E T3 2

Az 35 AAE AU HFH o2 4 &
8 ojnAgolo) g5+ v Frt 2= ?J
T BAS dE g FE AT Bl
Hgkol 22 2= 3F BAY HE = ZE”L
o] ZZ HAZ AHE HIAE S BP0 BN, F 7
A7F 22 olne] A HEE aPTE S
Ak

AF7HA] B F ol A= el o] EutA]
v AFol thste], 7 A4 71AY 29 9n|
Qoo Al F8| A Wgho] TuiA] k2 B
th 28U gutd oz F714 9n|29 #H
A= ol ¥ 3t AL A 1A A (least fixed point)
ol o 4 71AY e A Lo
= A"k A4 A4 Rl 45t F 5
A71A19 v 7F Bohs & Hol AL FF

A7=Z A=
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